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The Time Dependent Johnson-Segalman Model
for Viscoelastic fluid flow:

a+)\(a—a+u-VU+ga(a,VU)) —2ad(u) = 0 in (2

ot
ou .
Re(a+u-Vu>+Vp—2(1—a)V-d(u)—V-a = f inQ
V-u =0, in Q
u = 0, on 02
u(z,0) = uy in
o(x,0) = o( in ()
where ] -
go (0, V) = — - (oVu+Vu'o) — ¢ (eVu+oVu')

d(u) = % (Vu +Vu')

October, 2007 CLEMSON slide 2

UNIVERSITY



Cha-Cha Days 07

Outline

Chrispell,Ervin,Jenkins

The Fractional Step 6-Method

Setup for Viscoelastic Fluid Flow
Idea of the Analysis

Numerical Results full method

Error Estimates for Stress, and Stokes
Idea of Proof

Contraction Problem

Summary

October, 2007

CLEMSON

UNIVERSITY

slide 3



Cha-Cha Days 07 The Fractional Step Method

Chrispell,Ervin,Jenkins

Abstract form:

%ﬂLF(u,x,t) =0 in 2 x (0,7]
subject to  wu(z,t) = 0 x e dx(0,T)

u(z,0) = wug(x) x € 2

Additively split F':

F(u,z,t) ="'F(u,z,t) +*F(u,z,1)

For example (convection diffusion):

'P(u,x,t) = —V-kVu%—%u—f

‘Flu,z,t) = b-Vu—l—gu
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Specialized Solution Techniques

Stabilize Hyperbolic Problems with Streamline Upwinding
Variational formulation viscoelasticity: (o, 7+ 0u-VT)

Here (o, w) = / o:wdA andJ is a small positive constant.
0
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Specialized Solution Techniques
Stabilize Hyperbolic Problems with Streamline Upwinding
Variational formulation viscoelasticity: (o, 7+ 0u-VT)

Here (o, w) = / o:wdA andJ is a small positive constant.
0

Decouple the unknowns
For viscoelasticity velocity and pressure are separated from stress.

Stokes like problem constitutive eqn.

u,p o
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Specialized Solution Techniques

Stabilize Hyperbolic Problems with Streamline Upwinding
Variational formulation viscoelasticity: (o, 7+ 0u-VT)

Here (o, w) = / o:wdA andJ is a small positive constant.
0

Decouple the unknowns

For viscoelasticity velocity and pressure are separated from stress.

Stokes like problem constitutive eqn.

u,p o

Only Linear Systems to be Solved
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0+A(8—J+U-Va+ga(a,Vu)) —2ad(u) = 0 in (2

ot
ou :
Re (E%—u-Vu) +Vp—-2(1—-a)V-d(u) = V-0 = f inQ
V:-u =0, in Q
u = 0, on 0f)
u(z,0) = uy in Q
o(r,0) = o in §
where 1 m
ga (0, Vu) = ¢ (eVu+Vu'o) — ; ¢ (eVu+oVu')
1
d(u) = > (Vu +Vu')
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a+>\(a—a—|—u-VU+ga(a,Vu)> —2ad(u) = 0 in {2

ot
ou :
R65+Vp—2(1—oz)v-d(u)—v-0' = f inQ
V-u =0, in
u = 0, on 0N
u(z,0) = uy in
o(x,0) = op in ()
where | m
9o (0, Vu) = ?a (oVu + VuTO') — ¢ (aVu == chuT)
1
d(u) = > (Vu +Vu')
Assumption:
Slow flow — u - Vu =0
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a+>\(a—a—|—u-VU+ga(a,Vu)> —2ad(u) = 0 in {2

ot
Re%—?+Vp—2(1—oz)V-d(u)—V-a = f inQ
V-u =0, in
u = 0, on 0N
u(z,0) = uy in
o(x,0) = op in ()
where l—a l+a
9o (0, Vu) = —5— (eVu+Vu'o) — (eVu+oVu')
d(u) = % (Vu +Vu')
Assumption:
Slow flow — u - Vu =0
Note: a =1 gives Oldroyd B-type Constitutive equation
October, 2007 CLEMSON shidle 6
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Constitutive equation:

Fo, = wo

Fo, = (1-w)jo+A(u-Vo +g.(0,Vu)) — 2ad(u)

Conservation of Momentum:

Fu, = 21-a)V-d(u)—-V-o—f
Fuy, = 0
The viscoelastic model is
A%—:+F01+Fo-2 =0
Re%—?ﬂLVp—I—Ful +Fy, = 0
V-u =10
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Constitutive equation:

Fo, = wo

Fo, = (1-w)jo+A(u-Vo +g.(0,Vu)) — 2ad(u)

Conservation of Momentum:

Fu, = 21-a)V-d(u)—-V-o—f
Fuy, = 0
The viscoelastic model is
A%—Z+F01+Fo-2 =0
Re%—?ﬂLVp—l—Ful +Fy, = 0
V-u =10

What have we done?
e decoupled the velocity and pressure from the stress.

e linearized the computational equations.
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Step la: (Update the stress.)

o) _ o)

(n+0) _ (0
‘oA e = e
Step 1b: (Solve for velocity and pressure.)
Re’u,(m—@) —u® N Vp(n+9) n Ff((f+9) _ _Fq(;}) t(n—H)
OAL ! 2
Step 2a: (Update the velocity and pressure.) t(n+9) |
(nt+0) _ . (n+0) i .
Rt 4 wp) 4 FO) — _pe) (1 — 20)At
5 0
Step 2b: (Solve for the stress.) oAt
O'(n+9~) — o(nto) N (n+é) B F(n+9) t" T—Uupo
N, g: %
Step 3a and 3b: (Repeat Step la and 1b)
with (n) = (n—|—0~) and (n+60)=(n+1)
October, 2007 m slide 8
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Step 1la: (Update the stress.)

o.(n+9) _ o.(n) (1) (n)
A A7 +Fg' = —Fg,
Step 1b: (Solve for velocity and pressure.)
R@u(m—ﬁ) — N Vp(n+9) n Ff((f+9) _ _Fq(;}) t(n—i—l)
OAL ! 2
Step 2a: (Update the velocity and pressure.) t(n+§) |
(nt+0) _ . (n+0) i .
R 4 plr) 4 L) = R (1—20)At
_ 0
v.oul) — g ) o
Step 2b: (Solve for the stress.) OAL
O'(TH_é) L 0.(n+9) N (n—&—é) B F(TH-@) tn +up
OAt Yo Toa
Step 3a and 3b: (Repeat Step la and 1b)
with (n) = (n—|—0~) and (n+0)=(n-+1)
October, 2007 CLEMSON slide 8
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Step la: (Update the stress.)

o) _ ()

(n+0) _  _ pln)
A N, +Fg’ = —Fg,
Step 1b: (Solve for velocity and pressure.)
2w+ _ 4y
(n+6) (n+0) _  _ ga(n) ¢(n+1)
Re AT + Vp + Fy, Fu,
Step 2a: (Update the velocity and pressure.) t(n+§) |
(nJré) — 0y (n+0) - i
R 4 plr) 4 L) = R (1—20)At
5 0
v.u(") — g tet0) L upo
Step 2b: (Solve for the stress.) OAL
o(t0) _ g(n+o) LR g "+
AL 2 !
Step 3a and 3b: (Repeat Step la and 1b)
with (n) = (n—|—0~) and (n+0)=(n-+1)
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Step la: (Update the stress.)

o) _ ()

(n+0) _  _ pln)
A N, +Fg’ = —Fg,
Step 1b: (Solve for velocity and pressure.)
R@u(m—ﬁ) —u® N Vp(n+9) n Ff((f+9) _ _Fq(;}) t(n—i—l)
OAL ! 2
V-alt? =0 DAt
Step 2a: (Update the velocity and pressure.) t(n+§) L up
(rHré) — 0y (n+0) - ntd
Ry plr) 4 ELH) = R (1—20)At
~ 0
v.oul) — g ) o
Step 2b: (Solve for the stress.) OAL
a_(n+9) L 0.(n+9) N gﬂ_é) _ _Fg_l-i-@) tn L
AL 2 !
Step 3a and 3b: (Repeat Step la and 1b)
with (n) = (n—|—0~) and (n+0)=(n-+1)
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Step la: (Update the stress.)

o) _ ()

(n+0) _  _ pln)
A N, +Fg’ = —Fg,
Step 1b: (Solve for velocity and pressure.)
R@u(m—ﬁ) —u® N Vp(n+9) n Ff((f+9) _ _Fq(;}) t(n—i—l)
OAL ! 2
Step 2a: (Update the velocity and pressure.) t(n+§) Lupo
(nJré) — 0y (n+0) - i
R 4 plr) 4 L) = R (1—20)At
5 0
v.oul) — g ttd)
Step 2b: (Solve for the stress.) OAL
n 9~ n = JR
() — g(n+0) N ((Inw) _ _pito) "
AL 2 !
Step 3a and 3b: (Repeat Step la and 1b)
with (n) = (n—|—0~) and (n+0)=(n-+1)
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Step la: (Update the stress.)

o) _ o)

(n+0) _  _ pn)
A N, +Fg’ = —Fg,
Step 1b: (Solve for velocity and pressure.)
2w+ _ 4y
(n+0) (n+6) _ (n) t(n‘H) o
Re AT + Vp + oy, Py,
Voutt? =0 oAt
Step 2a: (Update the velocity and pressure.) t(n+§) Lup
n+0) _ . (n+0) - 5
Reu( )eAtu + o) ¢ 0 g (1—20)At
5 0
v.ul) — g ttd)
Step 2b: (Solve for the stress.) O\t
o"0) gttt | sd) __posn T
N Yo Toa
Step 3a and 3b: (Repeat Step la and 1b)
with (n) = (n+(§) and (n+0)=(n-+1)
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Step la: (Update the stress.)

o) _ o)

(n+0) _  _ pn)
A N, +Fg’ = —Fg,
Step 1b: (Solve for velocity and pressure.)
n+6 n
V-alt? =0 oAt
Step 2a: (Update the velocity and pressure.) t(n+§) |
n+0) _ . (n+0) - 5
Reu( )eAtu + o) ¢ 0 g (1—20)At
5 0
v.oul) — g ttd)
Step 2b: (Solve for the stress.) O\t
o"0) gttt | sd) __posn T
N Yo Toa
Step 3a and 3b: (Repeat Step la and 1b)
with (n) = (n+(§) and (n+0)=(n-+1)
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Second order w.r.t. At:

Taylor series during analysis:

The first order terms in the expansions (the coefficients of At) all reduce to a multiple of:
20° — 46 + 1,
and this has roots of § = 1 4+ v/2/2.

Optimal choice:

For 6 in (0,1/2)
0=1- V2 — error is O ((At)?).

October, 2007 CLEMSON slide 9
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Error and experimental convergence rate plots.

x10°
7 T T T T T T T T 2.57
6.5 1
o
o _
8 o A 5
:'Q', :
" 55 1 £ 2r
< g Smtas-
% st : g T
o~ &
1l g
S 45f 1 8
= Q
= 4 | Bl —6—0=0.2
= o - - 8=027
| 5
2 35f il O 8 = Optimal
= = ~ -~ -9=0315
3t A / — % —0=0.385
L L L L L L L L * L L L L J
2'%.2 0.22 0.24 0.26 0.28 0.3 0.32 0.34 0.36 0.38 10 5 10 15 20 25
6 Value 1/h
(@ Error |||u — up|||oo as a function of 6. ) Experimental convergence rates.
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Define the following notation:

uy, = discrete approximation using true o,

o, = discrete approximation using true w, and p.

Define following norms:

. 1/2 N 1/2
2 2
[ollo,x == (/ [o(, D)% dt) : vl = (ZAt||U”Hk> ,
0 n=1
ol = sup ) ol = s, 1ol

and

N 3
- ol = (zm\|u<n+é>.w<n+é>”2> |
n=1

October, 2007 CLEMSON slide 11
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Fully decouple the analysis into two distinct pieces.
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Fully decouple the analysis into two distinct pieces.

Analyze Stokes problem for u; and py,:

e Consider only Steps 1b, 2a, and 3b of the
method.

e u;, is the O-method approximation assum-
ing a known true value for o.

e Obtain a priori error estimate
Il — |l = O(AE?, h?),

using Taylor-Hood element pair.

October, 2007 CLEMSON slide 12
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Fully decouple the analysis into two distinct pieces.

Analyze Stokes problem for u; and py,: Analyze constitutive equation for o:

e Consider only Steps 1b, 2a, and 3b of the e Consider only Steps la, 2b, and 3a of the
method. method.

e uy is the f-method approximation assum- e 0, is the f-method approximation assum-
ing a known true value for o. ing known true values for w and p.

e Obtain a priori error estimate e Obtain a priori error estimates

llw — @]y, = O(AL*, h?), lw-V (o — a4)|ll; = O(A, Até, 5h, 6, h),
using Taylor-Hood element pair. using piecewise linear elements.

October, 2007 CLEMSON slide 12

UNIVERSITY



Cha-Cha Days 07 EI’I’OI’ AHaIYSiS Chrispell,Ervin,Jenkins

Fully decouple the analysis into two distinct pieces.

Analyze Stokes problem for u; and py,: Analyze constitutive equation for o:

e Consider only Steps 1b, 2a, and 3b of the e Consider only Steps la, 2b, and 3a of the
method. method.

e uy is the f-method approximation assum- e 0, is the f-method approximation assum-
ing a known true value for o. ing known true values for w and p.

e Obtain a priori error estimate e Obtain a priori error estimates

llw — @]y, = O(AL*, h?), lw-V (o — a4)|ll; = O(A, Até, 5h, 6, h),
using Taylor-Hood element pair. using piecewise linear elements.

Bring the two distinct pieces together.
For a bound on the full approximation technique for viscoelastic fluid flow.
e Induction argument e Triangle inequality

Ju’ —uf]” < (o — @t + af - wf]))’

< 2w’ —af||” +2||a) — ul

Note: &z — qu is in the approximation space.

October, 2007 CLEMSON slide 12
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Let 2= (0,1) x (0,1), and set
Re=1, a=1/2, A=2 and a=1.

Use the (optimal) value of § = 1 — v/2/2 = 0.29289 and set w = 1/2.

For the true solution:

w = [ EE -2 —y)
—e (@ — )y —y) )

= cos(2mz)(y* — y),

o = 2ad(u).

3
|

Remark:

e A RHS function is added to the constitutive equation.

e f in momentum is calculated using (1)-(3).

October, 2007 m

UNIVERSITY

slide 13



Cha-Cha Days 07 Fllll Met hO d Highlight S Chrispell,Ervin, Jenkins

Observed Convergence Rates

Move to Full Tabld
0 | llw—unlllp; llo—onlllyy [lu-Vie—aull;
0 2 2 1
O(h) 1 1 1
O(h*/?) 3/2 3/2 1
O(h?) 2 2 1

Note: Convergence rate for |||p — pall|yo = 1 independent of ¢.

e — @l = O(AE, h2), -V (o —4)||; = O(AEL, Ats, h, 5, h)

October, 2007 CLEMSON slide 14
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Theorem 1 (Assuming u and p are known). For a sufficiently smooth solution o, w, p such that
[l s el lluall IVl [[(Vu)dls, and [[(Vw)ull, < M, Vi el[0,T],

At < Ch?, the fractional step O-method approzimation, &, given by Step 1a, Step 2b, and Step 3a converges to o on the interval
(0,T] as At,h — 0, and satisfies the error estimates:

o = onllleo < Fo(At, h,6), (4)
lo = aullloy < Fo(At, h,0), (5)
and )
N ~ ~ é 2\ 2
- V(o — &)l; = (Z At H“W) v (a<”+9> _ gl >> ) < Fo (At 1,6), )
n=1
where
Fo (At h,d) = C(At)Q( lowilloo + lowllos + ol + llollo,

+ llowlloo + lloelloo + ||0'||0,0+CT>

+ 0288 (llollgs + loillos + oo + el + Cr)
+ C (R + B+ 6h™) |lo (g s
+ Ch™ o tllgmsr + COllloellloo + CP™ Il ||l o0 - (7)

Using piecewise continuous linear elements for oy:

-V (o — &1)|ll; = O(AE, Ats, 6k, 5, h) [Move o Resultd

October, 2007 CLEMSON slide 15
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Corresponds Step la, Step 2b, and Step 3a of the algorithm.
Step 1.

Step 2.

Step 3.

Step 4.

Step 5.

October, 2007 CLEMSON slide 16
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Corresponds Step la, Step 2b, and Step 3a of the algorithm.

Step 1. Linear combinations of variational formulations are used to obtain unit strides of

size At: )
n ~(n ~ (n— - (n+0 ~ (n+0— ~(n
6'2)to 0'2 H), O'EL % to a'f(L " >, 0'2 71 46 0'2 )
Step 2.
Step 3.
Step 4.
Step 5.

October, 2007 CLEMSON slide 16
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Corresponds Step la, Step 2b, and Step 3a of the algorithm.

Step 1. Linear combinations of variational formulations are used to obtain unit strides of

size At:

~(n ~(n ~ (n— _ (n+6 ~ (n+0— ~(n
aé)to 0'2 H), O'EL 2 to a'f(L+>, 0'2 -1 to 0'2 +9).

Step 2. Evaluate the true solution at the midpoint of each unit stride and subtract it from
each linear combination.

Step 3.

Step 4.

Step 5.

October, 2007 CLEMSON slide 16
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Corresponds Step la, Step 2b, and Step 3a of the algorithm.

Step 1. Linear combinations of variational formulations are used to obtain unit strides of

size At:

~(n ~(n ~ (n— _ (n+6 ~ (n+0— ~(n
aé)to 0'2 H), O'EL 2 to a'f(L+), 0'2 -1 to 0'2 +9).

Step 2. Evaluate the true solution at the midpoint of each unit stride and subtract it from
each linear combination.

Step 3. Sum the linear combinations from n = 0 to n = [ — 1, making note that each
telescopes. Add the linear combinations together forming a single expression.

Step 4.

Step 5.

October, 2007 CLEMSON slide 16
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Corresponds Step la, Step 2b, and Step 3a of the algorithm.

Step 1. Linear combinations of variational formulations are used to obtain unit strides of

size At:

~(n ~(n ~ (n— _ (n+6 ~ (n+0— ~(n
aé)to 0'2 H), O'EL 2 to a'f(L+), 0'2 -1 to 0'2 +9).

Step 2. Evaluate the true solution at the midpoint of each unit stride and subtract it from
each linear combination.

Step 3. Sum the linear combinations from n = 0 to n = [ — 1, making note that each
telescopes. Add the linear combinations together forming a single expression.

Step 4. Apply suitable inequalities/estimates to the terms in the single expression.

Step 5.

October, 2007 CLEMSON slide 16
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Corresponds Step la, Step 2b, and Step 3a of the algorithm.

Step 1. Linear combinations of variational formulations are used to obtain unit strides of

size At:

n ~(n ~ (n— _ (n+6 ~ (n+0— ~(n
6'2)to 0'2 H), O'EL % to a'f(L+), 0'2 71 46 0'2 )

Step 2. Evaluate the true solution at the midpoint of each unit stride and subtract it from
each linear combination.

Step 3. Sum the linear combinations from n = 0 to n = [ — 1, making note that each
telescopes. Add the linear combinations together forming a single expression.

Step 4. Apply suitable inequalities/estimates to the terms in the single expression.

Step 5. Apply Gronwall’s lemma and the triangle inequality to obtain error estimates for

HJ@ _ &gpu n ||0<l—9> _ ;,;f—@)H i Ho.(l—1+9) _ 1)

, and |[lu-Vo —alll;.

October, 2007 CLEMSON slide 16
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Observed Convergence Rates

Move to Full Tablel
0 |lllo—aullly llu-Vie—anll;
0 2 1
O(h) 1 1
O(h?/?) 3/2 1
O(h?) 2 1

lu -V (o —a3)|||; = O(A, Até, 6k, 8, h)

October, 2007 CLEMSON slide 17

UNIVERSITY



Cha-Cha Days 07 EI’I‘OI‘ A. nalyS iS S t OkeS Chrispell,Ervin,Jenkins

Theorem 2 (Assuming o is known). For a sufficiently smooth solutions w, o, p such that
o]l < M, Vtel0,T], and At < Ch?, the fractional step 8-method approzimation, wy,
given by Step 1b, Step 2a, and Step 3b converges to w on the interval (0,T] as At,h — 0,
and satisfies the error estimates:

and

where

’Hu_’ahmoo,o < Fu(At,h,(S), (8)

H‘U_ﬂh|||(),1 < F'U/(At? h, 5)7 (9)

Fu(At, h,d) = Ch*H! HutHO,k+1 + Ch¥ ‘Hu’”o,kﬂ + Chi*t! H!MHMH
+ C(AL) Jugellg g + CAL) [Jugellg  + CAL)? el
+ C(At)*Cr + CR* [ w]l] o 11 - (10)

Using piecewise continuous quadratic elements for uy,
and piecewise continuous linear elements for pp:

e — @]y, = O(At%, h?) Move to Results

October, 2007 CLEMSON slide 18
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Table 1: Convergence rates at 1" = 2

aw— | (12 (9 8 %) 3% (25
[|lw —apllly, | 4.4196e-2 1.1485e-2 2.9707e-3 7.5759e-4 1.9142e-4 4.8129e-5
Cvge. Rate - 1.9 2.0 2.0 2.0 2.0

|||w — | ‘oo,O 1.4734e-3 1.7996e-4 2.5014e-5 4.1759e-6 8.5692e-7 2.1636e-7
Cvge. Rate - 3.0 2.8 2.6 2.3 2.0
||lp — ol |0,0 1.0859e-1 6.6842e-3 1.5033e-3 3.9097e-4 1.2086e-4 4.7884e-5
Cvge. Rate - 4.0 2.2 1.9 1.7 1.3
llp — Pl w0 | 8:4003e-2 4.9703e-3 1.1343e-3 3.2878e-4 1.2797e-4  6.0659e-5
Cvge. Rate - 4.1 2.1 1.8 1.4 1.1

llw — @nlllo, = O(AE, h?)
Move to Theorem
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Cha-Cha Days 07 4: . ]_ C Oﬂt raCt iOIl Chrispell,Ervin,Jenkins

Inflow :

1 a2
u = (1 —e) ( = (10 Y ) ) ,and o set accordingly.

am e (2.

Solid walls: No slip B.C. for wu.

Outflow :

Bottom: Symmetry condition along the bottom of the computational domain.

L was set to 1/4 in shown computations.

16L

4L
16L

________________________________________________________________________________________________________________________________________________ e -

Figure 1: Plot of 4:1 contraction domain geometry:.

A
Y
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Cha-Cha Days 07 4:1 C ontract ion A nimat iO n Chrispell,Ervin, Jenkins

0 0.5 1 15 2 2.5 3 3.5

Apin = 0.0625, Agmin = 0.015625, T = 2.5
Re=1, A=2, a=1, a=38/9, 0= (2/Aymn)*
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Cha-Cha Days 07 Summary Chispell Ervin,Jenkins

Fractional Step /-Method

e For appropriate choices of 8 second order temporal convergence
1s achieved.

e Allows for decoupling of operators:

— Convection from Diffusion
— Stress from Pressure/Velocity.

— Linear from Nonlinear
Results in:
e smaller systems to solve

e application of specialized solution techniques

October, 2007 CLEMSON slide 22

UNIVERSITY



Chrispell,Ervin,Jenkins
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Error Constitutive Equation Chispell Evin,Jenkins

Table 2: Convergence rates at 1" = 2

51 (AL, h) — &2 = GE &2 (&2
0 M —unly, 4.76086-2 1.2323e-2 3.2034e-3  8.3187e-4  2.1793e-4
Cvge. Rate - 1.9 1.9 1.9 1.9
Mo —onlloo 6.55606-2 1.9248¢-2  5.0845e-3  1.3000e-3  3.2081e-4
Cvge. Rate - 1.8 1.9 2.0 2.0
Mu-V(o —onl; | 6.1217e-2 2.9982¢-2 1.5191e-2  7.6984¢-3  3.8800¢-3
Cvge. Rate - 1.0 1.0 1.0 1.0
% [[lw — wnllly 5.0150e-2  1.6193e-2 6.4636e-3 2.9147e-3  1.3989e-3
Cvge. Rate - 1.6 1.3 1.1 1.1
[llo = onlllyo 8.1922e-2  3.5905e-2 1.5791e-2  7.3743e-3  3.5789e-3
Cvge. Rate - 1.2 1.2 1.1 1.0
Mu-V(e—on)l; | 640872 3.2589e-2 1.6309¢-2 8.2007¢-3  4.1180e-4
Cvge. Rate - 1.0 1.0 1.0 1.0
3
(%) : [l — o, 4.8620e-2 1.3135e-2 3.6334e-3  1.0192e-3  2.9513e-4
Cvge. Rate - 1.9 1.9 1.8 1.8
[lle —onlllyo 7.1941e-2  2.3392e-2  6.8309e-3  1.9976e-3  6.0598e-4
Cvge. Rate - 1.6 1.8 1.8 1.7
Mu-V(o —on)ll; | 6.1860e-2 3.0510e-2 1.5305e-2 7.7221e-3  3.8851e-3
Cvge. Rate - 1.0 1.0 1.0 1.0
(%)2 llu—wnllly, | 480222 1.2507e-2 3.2644e-3 8.4818e-4  2.2193e-4
Cvge. Rate - 1.9 1.9 1.9 1.9
[lle —onlllyo 6.8104e-2  2.0308e-2 5.3614e-3  1.3680e-3  3.4645e-4
Cvge. Rate - 1.7 1.9 2.0 2.0
lw-V(e —on)llls | 6.1279e-2  3.0111e-2 1.5208e-2  7.7004e-3  3.8803e-3
Cvge. Rate - 1.0 1.0 1.0 1.0

IMove to: Full Method Summary]
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Error Constitutive Equation Chispell Evin,Jenkins

Table 3: Convergence rates at 1" = 2

1| @em— ] (1g) (0F) (%) (1%) (6%
0 Mo —&nlllyy | 2.1235¢-1 6.6773e-2 1.91916-2 5.0437c-3 1.2830e-3
Cvge. Rate - 1.7 1.8 1.9 2.0
Muw-V(o —&u)l; | T.1544e 1 6.1759c2 2.9979¢2 1.5185¢.2 7.6944c3
Cvge. Rate - 0.9 1.0 1.0 1.0
z lo —nlloo | 2.0070e-1 8.4563¢2 3.7449¢2 1.6980e-2 8.0428¢-3
Cvge. Rate - 1.2 1.2 1.1 1.1
Mw-V(o —&u); | 1.0263c1 6433662 3.2570c2 1.6325¢.2 8.2071c3
Cvge. Rate - 0.7 1.0 1.0 1.0
3
(%)2 llo —&nllloo | 2017de-1  7.3678¢2 2.3575e-2 6.9629e-3 2.0645¢-3
Cvge. Rate ; 1.5 1.6 1.8 1.8
M -V(o —u)l; | T.0447c1 6223962 3.0497c2 1.530462 7.7199¢3
Cvge. Rate - 0.7 1.0 1.0 1.0
2
(%) llo —&nll2, | 20346e-1 6.9501e2 2.0245¢-2 53281e-3 1.3546e-3
Cvge. Rate - 1.5 1.8 1.9 2.0
Mw-V(o —&4); | 1.0664c1 6.1737c2 3.010dc2 1.5203¢.2 7.6968¢3
Cvge. Rate - 0.8 1.0 1.0 1.0
[Back to Theorem | Back to Highlights |
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