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Motivation for the Talk

Objective
• Improve the understanding on the subject by the 

non-expert 
• Help establish links to your area of expertise
Approach
• Simplicity vs. complexity
• What and why vs. how
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Motivation for UBMs

UBMs Objective
Increase confidence and consistency in the analysis and design 
of systems subject to uncertainty ® discipline independent

UBMs Principal Interests
• Uncertainty Quantification and Propagation

Provide credible information on the impact of uncertainties 
affecting the system’s performance

• Uncertainty Decomposition
Identify the sources of uncertainty with the largest impact on the 
resulting performance degradation

• Robust Design
Generate designs/solutions that encompass for uncertainty 
throughout the design cycle
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Uncertainty Classification

Model of 
reality 

(M)

Design vars (d) 

Parameters (p) 

Performance 
metrics

Constraints

• Discipline independent ® y = M(d,p)
• M: Table, AE, ODE, PDE, multi-disciplinary code
• How much confidence is there in the predictions?

• Safety factors ® how much conservatism
• Classification

Ø Parameter uncertainty: p
Ø Model uncertainty: M

Outputs (y)
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Interval Analysis (IA)

• Assume M(p) is Â :Â and d is fixed 
• Nominal problem: y* = M(d,p*) 
• What should be done if the true 

value of p* is uncertain?

p

y = M(d,p)
y

p*

y*

• Lets define a set where we expect 
p to reside and then propagate all 
possible values through M

pÎ [p-,p+] ® yÎ [y-,y+]y = M(d,p)
y

pp- p+

y+

y-

• We will stud a family of problems as 
a single entity 

• Drivers
Ø Ignorance
Ø Changing operating conditions
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Interval Analysis

• Definition: the support of random variable y, denoted as D(y), 
is the set of possible values y might take

• Performance degradation and uncertainty magnification
• Unbounded/multiply connected output supports

p

y

p- p+

y-

p

y

p- p+

p- p+

y

p

y+

y-

Ø y - ¹ M(d,p-)
Ø ||D(y)||>||D(p)||

Ø y + ® ¥ Ø $y, y+ < y < y –

such that yÏD (y)
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y

Probabilistic Uncertainty (PU)

• Say, we are going to weigh 
every parameter value in the 
support according to our belief 
that such a value is correct

pÎ [p-,p+], fp(p) ® yÎ [y-,y+], fy(y)

y = M(d,p)
y

pp- p+

y+

y-

• This allows us to discriminate 
among all possible output values 
according to their chance of 
occurrence

• Probability theory gives us the 
framework required to study this 
problem ® p is a random variable

• Constraints become a reliability 
condition  y = M(d,p) < ylim

y- y+

fy(y)

ylim

Violation of

an inequality

constraint
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p

E[M(p,d)]

• Same pathologies of IA
• PDF characterization
• In general, the output distribution 

does not have the same form as 
the input distribution 

• Deterministic sensitivities are 
unsatisfactory

• A non-probabilistic description 
does not allow for the identification 
of low-probability events:

Ø Unnecessary conservatism can 
be prevented via PU

Ø IA cannot account for that

V[y]

fY(y)

E[y] y

y

M(E[p],d)

ylim

P[y<ylim]

Probabilistic Uncertainty

E[y] = E[M(p,d)] ¹ M(E[p],d)
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Probabilistic Uncertainty

• Robustness vs. performance

• Conservatism
Ø Robust design vs. safety factors
Ø Design not driven by worst-case scenario

• Aerospace applications
Ø Experimental data required to validate models and 

solutions is usually difficult to collect, insufficient, or 
very expensive to obtain

Ø Harsh, uncertain and largely varying operating 
conditions are likely

Ø Large demand for reliable and robust solutions in the 
above environments requires the development of a 
systematic approach to managing uncertainty



11

Overview

• Motivation 
• Preliminaries
• Problems of interest
• Methods & tools
• Examples
• Conclusions



12

Problems of Interest: Analysis

• Uncertainty characterization
Ø What is fp(p) 

• Uncertainty propagation

Ø Given M, d, and fp(p) ® fy(y)
• Probabilistic decomposition

Ø Management of resources

e.g. ¶E[y]/¶V[p], ¶P[y>ylim]/¶E[p]
• Trade-off studies

Ø Robustness vs. performance 
• Inverse problem

Ø Given M, d and an admissible 
performance degradation ® fp(p) 

y = M(d,p)
y

pp- p+

y+

y-

Uncertain parameters
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y = M(d2,p )

Design Formulation

• Eliminate vs. Accommodate y = M(d1,p )
y

p

• Given M and fp(p) we want to 
determine d such that fy(y) is 
shaped as desired

y

y

• Robust optimality
• Policies 

Ø Target-based

Ø Reliability-based

Smallest variability about the nominal 
outcome

Minimal or no violation of inequality 
constraints
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Problems of Interest: Design

Deterministic Scenario

d2

y

d1

d2

y

d1

y-

y+

Probabilistic Scenario

• Target-based design

Ø Given M and fp(p), find d such that f(E[y],V[y]) is minimized

• Reliability-based design

Ø Given M, and fp(p), find d such that f(P[y>ylim]) is minimized
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Methods & Tools: Overview

• Analysis
Ø First- and Second-Order Reliability Methods
Ø Sequence sampling, e.g. HAS, HSS
Ø Hybrid method
Ø Uncertainty propagation using deterministic sensitivities

• Design
Ø Homothetic deformations
Ø Efficient tools based on bounds to failure probabilities
Ø Moments-based strategies for robust design

• Support 
Ø Response surface generator with several basis functions, 

e.g. polynomial chaos

• Computational complexity

• UBM and optimization
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M&T: Sequence Sampling

• The error of approximating 
an integral by a finite number 
of samples depends on the 
uniformity of the points rather 
on their randomness

• Since sequence sampling 
methods are  deterministic, 
results are reproducible

• Optimizer is not driven by 
the noise of the samples’ 
randomness
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• Better accuracy for a fixed number of samples 
• Better efficiency for a fixed relative error

Improvement in efficiency

R
el

at
iv

e 
E

rr
or

Number of samples

Improvement 
in

accuracy

M&T: Sequence Sampling

Example : Find mean of a cubic function of 3 uniform [0,1] RVs
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y(p,d)
y

y*

F

S

FS
p

Ø Optimization-based
Ø Computationally cheap
Ø Analytical expressions for P[H]

y(p,d)=y*

p1

p2

F

S

• Monte Carlo sampling

M&T: Homothetic Deformations

Applications

3. Hybrid Method for P[F]

2. Upper bounds to P[F]

1. Robustness metric ® PSM
• Homothetic deformations

y(p,d)=y*

p1

p2

F

S

H
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M&T: Homothetic Deformations
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Target System
(no data points)

Example: V&V Challenge
Sandia National Laboratory Workshop

(13 international teams of experts invited to parti cipate)

Challenge: Characterization of uncertainty in the system using limited 
experimental data and uncertainty propagation

Accreditation System
3 data points Uncertain/Nonlinear

Subsystem
(40 data points)

Given limited data what is the P[max(x3)>amax] = P[F]
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Mean Matching Only

Mean and Confidence Interval Matching

Statistical 
matching of 
uncertainties
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Example: V&V Challenge

Target System Response
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Robust Control Design

Uncertain 
parameters
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Example: Flexible Beam 
• Nine feedback sensors
• Hub motor for control
• Reaction wheel for disturbance
• Highly compliant system with
non-collocated sensors &  actuators

551810
CPU 
Time
(sec)

23.8 %23.9 %
Probability

Of
Failure

FORM
Monte 
Carlo

• Problem : control of a flexible beam 
• Uncertainty Sources

Ø Material properties 
Ø Modal damping coefficients
Ø Initial conditions

• Scope : Analysis and design
• M: finite element model
• Tool efficiency

Bode diagram for disturbance-output TF
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• Objective
Design a robust control for 
disturbance rejection

• Note
Time responses and transfer 
functions become random 
processes. Design is carried out 
by means of multi-objective 
optimization where stability and 
performance considerations are 
taken into account

• Results
Ø Top fig: time response for a 

deterministic optimal control
Ø Bottom fig: time response for a 

probabilistic optimal control

Example: Flexible Beam
Uncertainty in Deterministic Design

Uncertainty in Probabilistic Design
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• Problem: Benchmark robust control challenge posed in the ACC

• Plant : nonlinear with a non-collocated sensor-actuator pair

• Uncertain parameters
– Masses
– Linear stiffness
– Nonlinear stiffness
– Time-delay
– Control effectiveness (failure)

• Closed-loop requirements
– Local stability
– Settling time
– Control usage

• Controllers
– 11 controllers were designed by different authors using different methods

• Comparative analysis of these compensators

Example: Control Verification
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• Fixed PDF

• PDF Dilations
– Consistent with physical constraints 

– Up to the analyst

– Def.: uncertainty radius R

• Robust Stability
– What is the largest R for which 

closed-loop system is robustly stable 

• Robust Performance
– Evaluate the performance degradation caused by uncertainty

• Complexity
– Is the complexity of the compensator justified by its robustness

characteristics?

Uncertainty Radius increases

Uncertain Parameter

P
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Example: Control Verification



29

Robust StabilityRobust Performance

P[Instability]

P[Instability]

1/JVariabilityRelative PDAbsolute PD

1/JVariabilityRelative PDAbsolute PD
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Conclusions

• UBMs provide a systematic approach for uncertainty 
management, i.e. characterization, propagation, decomposition 
and robust design

• UBMs are discipline independent, e.g. applicable to problems 
in conceptual design, structures, controls, aerodynamics, 
materials, etc

• If not used efficiently, UBMs pose stringent demands on 
conventional analysis and design practices

• UBMs provide un-biased means to evaluate and compare 
solutions in terms of their robustness, risk and performance; 
regardless of the way they were derived

• UBMs support tasks aiming at the best allocation of resources, 
e.g. time; in a variable-fidelity environment


