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Abstract

Air flow through lung airways interacts with their mucus aogtlayer, which
has much higher viscosity than air, providing an importaethanism for mucus
motility and clearance of pathogens from the lung. To undeis this process,
we have developed a model for examining the stability of twoesimposed fluids
with very different viscosity in the two layers. This insti#tly can be quite different
from that occurring with a single fluid, and its study much mohallenging. To
shed some light on it, we have adopted a perturbation apipro@ar focus is on
the limit of large viscosity contrast, which has not beenyfanalyzed or under-
stood yet. Here the asymptotic properties of stability \wél investigated. In this
parameter regime, we expect our results to have a direacapph in understand-
Ing air-driven mucus clearance mechanisms and the muauspiva phenomena in
human lungs.

1 Motivation and introduction

The lungs and the respiratory system behave as the intdr&tossen air
and human body: these inhale air and then exchange oxygetudwiear-
ance defends the lungs against inhaled bacteria. Patha@genssually
trapped by lung mucus and cleared by mucus transport. Sirgeritical
to keep the lung system functional and healthy, hydrodyndransport is
very important for the mucus clearance.
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Basic 2-dimensional wave interaction mechanism betweelathinar air-
flow and mucus layer in a rigid channel is investigated. Thggse Is to
explore the stability of two layers of immiscible and incamgsible vis-
cosity stratified flows in the limit of large viscosity congtasince the vis-
cosity contrast of the mucus and the air is abiddt The results will have
a direct application to air-driven mucus clearance meamasin lungs.

The two-dimensional motion of the viscous fluid in each lageyoverned
by theNavier-Stoke®quation:

_ 1 Hj
Ju+ (u-Viu = ijer iju
V-u=0

(1)

supplemented by boundary conditions and continuity ceonbtat the in-

terface. The subscript = 1,2 refer to the upper and lower flow. The

following figure is the configuration of the problem and thenary flow.
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The primary flowcan be determined under the assumption that it has only
horizontal velocity component, which is independent of andx. Fur-
thermore, the incompressible viscous fluids are under a&@ongressure
difference, i.edp/dx = — K = constant.

Let
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n = the deviation of interface from its mean position.

The velocity distributions for the primary flow are
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2 Formulation of the problem

The motion is resolved into the primary motion and the pédtion mo-
tion. & = U; +u/,0 =o', p = P+ p/, in whichU; is the dimensionless
primary velocity andP is the dimensionless pressure for the primary flow.
We use the stream functiaf, in terms of which

/ /
u :wya U = _wil?

Assume an exponential time factor for all perturbation qiias, and write

(W, p") ={o(y), f(y)} exp {ia(x — cT)},

In whichc = ¢, + 1¢;.

The stability or instability is then decided by the signcof
» If ¢; < 0, then the solution Is a stable linear eigenmode.

»® If ¢; > 0, then the solution is an unstable linear eigenmode, whicdmse
that the amplitude of the disturbance grows exponentiaitl ime.

» If ¢; =0, thenitis a neutrally stable solution.

Chooseal; as the characteristic length, the mean velocity of the ufdper
V' as the characteristic velocity and the Reynolds nuniber %, the
dimensionless linearized system is: For the upper fluid

oV — 202" + atp = iaR {(U1 B (gb” - &ng) - U{’¢} 2)
For the lower fluid, we writey instead ofp

Xiv —2a°Y" + a*y = iaRm ™ 'r {(UQ — ¢) (X” — 042x) — Ué’x} (3)

The imposed boundary and interfacial conditions are :
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# The no-slip and no-penetration boundary conditions on fEeuand
lower boundaries

# The continuity of the velocity at the interface

# The continuity of the stress at the interface
Totally, there are eight coupled boundary and interfamalditions.

Instability of Plane Poiseuille Flow of one Viscous Fluid

Orr-Sommerfeld equation is the dimensionless equatioemvg stabil-
Ity of one viscous fluid

oV —202¢" + otd = iaR {(U — ) (gb" _ a2¢) _ U”¢} (4)
L =0, @(1) =0

wherelU = 1 — 42 is the primary flow.

Using the Chebyshev method[2], we seek an approximate ncaheolu-

tion of (4) of the form
N
Sly) = > anTn(y)
n=>0
whereT},(cos 6) = cos(nh) is thenth-degree Chebyshev polynomial of the
first kind.
Equations for the expansion coefficientsare deduced by substituting the
above formula into (4) and we get the linear matrix systentlereigen-
value problem.

We reproduce the “thumb curve” for Orr-Sommerfeld equaasrihe fig-
ures below.

Stability Diagram for Plane Poiseuille Flow
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3 Asymptotic expansion

Suppose the solutions of the stability governing equatighand (3) have
regular asymptotic expansions, then

o(y) = do(y) +eo1(y) + - -

and

x(¥) = xo0(y) + " x1(y) + -
where the small number= L and~, § > 0.

As an extension of Yih's results, we consider that the wavatmera ~ &
(0 < B < 1), which implies that the wavenumber is small but relatively
large compared te in the limit of high viscosity contrasti — oc.

When the viscosity contrast — oo, the interesting cases we have inves-
tigated are

Reynolds numbeR
O(1) 00
Leading order:
Orr-Sommerfeld like equation
Higher order approximations
Q depend on the order ofR
Leading order:
Orr-Sommerfeld equation
Higher order approximationsRayleigh like equations show up
Orr-Sommerfeld like equation

O(e) | Trivial solution

O(1)

o If aR ~ O(e™) (k > 0), the regular perturbation gives the trivial solu-
tion.

# For the case thatR ~ O(1) or~ O(e™") (0 < k < 1), the leading or-
der is Orr-Sommerfeld equation of which we only know the agstotc
solution with high Reynolds number.

The following sketch shows the known results related to pincblem.
The colored regions mean the unstable region.
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#® From C. S. Yih's long-wave asymptotic results, we know thea t
stratified plane Poiseuille flow is unstable when= 1, r = 1 and
m ~ O(1). Whenm — oo, his analysis breaks down.

# In Mater et al.'s paper, they derive an equation for the fatar to get
the stability results of the stratified flow with high visdystontrast.

# Our work is to understand this problem with mild Reynolds em
but high viscosity contrast.

4 Future work of 3D core-annular Poiseullle
flow

Finally, we want to implement our stability result to the mmaclearance
mechanism. The airflow passes through the lung airways @dmstenu-

cus fluid layers, which is stability problem of 3D core-araruPoiseduille
flow with a large viscosity ratio. The coupled airflow-mucystem in the
bronchial tube is different from the lubricated pipeline which the core
IS occupied by fluid with higher dynamical viscosity and whitas being
studied previously.
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