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Min-Max Game Problem and Riccati Equation

{y(r) = Ay(t) + Bu(t) + Gw(t) € [D(A*)]'
y(s)=weY

u(t) € La([s, T]; U), w(t) € La([s, T]; V)
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{y(r) = Ay(t) + Bu(t) + Gw(t) € [D(A*)]'
y(s)=weY

u(t) € La([s, T]; U), w(t) € La([s, T]; V)

J(u,w) = J(u,w,y(u,w))

.
=/ IRy (e) 112+ 1 u(e) 12 =~ | w(t) ||* at
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Min-Max Game Problem and Riccati Equation

{y(r) = Ay(t) + Bu(t) + Gw(t) € [D(A"))

_ (1)
y(s)=neY
u(t) € La([s, T]; U), w(t) € La([s, T]; V)

J(u,w) = J(u,w,y(u,w))
T
=/ I Ry (2) 17+ [ u(t) [IP =7 || w(t) |I* at
stlvpir;fj(u, w) (2)
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Min-Max Game Problem and Riccati Equation

Goal:

e Find the Optimal pair {u*('as;y())v W*('aS;y0)7y*('7S;y0)} to (2)
@ Prove that the optimal pair satisfies the following feedback form:

u*(t,s:y0) = —=B*P(t)y"(t,s; yo)
W*(ta S, }/0) = 7_2 G*P(t)y*(ta S, )/0)
where P(t) satisfies the following Riccati Equation:
4p(t) = —R*R— A*P(t) — P(t)A+ P(t)BB*P(t)
—v2P(t)GG*P(t) for t € (s, T)
P(T) =0
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Min-Max Game Problem and Riccati Equation

Black
Box
yi =Ay*+Bu*+Gw* Get v~
w*=Fa(y*)
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Min-Max Game Problem and Riccati Equation

Review:
e Finite Dimension (e.g. A, B matrix) T.Basar and P.Bernhard (1995)

o PDE: A generator of a (3 semigroup, B bounded operator, for both
T < oo and T = co A.Bensousson and P.Bernhard (1992)

@ PDE: A generator of a s.c. analytic semigroup, B unbounded
A=°B € L(U,Y) for some § < 1, for both T < 0o and T = o0
|.Lasiecka, C.McMillan and R.Triggiani (1992)

o PDE: A generator of a (o semigroup, B unbounded but satisfies the
singular estimate, and T = oo R.Triggiani (2002)

@ Examples of Application: Mathematical Control Theory of Coupled
PDEs by |.Lasiecka (2002)
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T < oo and T = co A.Bensousson and P.Bernhard (1992)

@ PDE: A generator of a s.c. analytic semigroup, B unbounded
A=°B € L(U,Y) for some § < 1, for both T < 0o and T = o0
|.Lasiecka, C.McMillan and R.Triggiani (1992)

o PDE: A generator of a (o semigroup, B unbounded but satisfies the
singular estimate, and T = oo R.Triggiani (2002)

@ Examples of Application: Mathematical Control Theory of Coupled
PDEs by |.Lasiecka (2002)

My Work: B is unbounded while A is not analytic but satisfies the
singular estimate, and T < o0
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Min-Max Game Problem and Riccati Equation

Assumptions:

(H.1)A is a generator of a Cy-semigroup.
(H2)A"1B € L(U, Y) with

Cluly

At
]e BU’Y < ra

O<axl

(H.3)G is bounded: V — Y.
(H.4)R is a bounded linear operator: Y — Z.
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Min-Max Game Problem and Riccati Equation

Assumptions:
(H.1)A is a generator of a Cy-semigroup.
(H2)A"1B € L(U, Y) with

Cluly
ta

O<axl

’eAtBU’y S

(H.3)G is bounded: V — Y.
(H.4)R is a bounded linear operator: Y — Z.

(H.2) holds for A analytic.

°
@ (H.2) holds for many models with hyperbolic-parabolic coupling.
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Min-Max Game Problem and Riccati Equation

Main Result: There exists a critical value v. > 0,

@ If 0 < v < 7, there is no finite solution for (2) for any yp € Y, since
it leads to 400 as w — +00

o If v > ¢, then

(i) There exists a unique optimal pair {u*(-, ¥0), y*(:, y0), w*(+, y0)}
and the correspondent cost functional J(u*, w*) is the unique solution

to (2)

(ii) There exists a unique bounded, nonnegative, self-adjoint operator
P(t) € L(Y) satisfies the following Differential Riccati
Equation(DRE), for all x,y € D(A) and t € (s, T)

at(P(t)x,y) = —=(Rx, Ry) = (P(t)x, Ay) — (P(t)Ax, y)
+(B*P(t)x, B*P(t)y) — v*(G*P(t)x, G*P(t)y)
P(T)=0
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Application

@ An Acoustic Structure Interaction Model:

Zy = 2Nz + Gv

8%2 +diz=0

L z+ A0z, = wy

Wee + Aw + pA*we + p1z; |r,= Bu
w=Aw=20

z(0,-) =2z z(0,:) =z

w(0,:) =wy we(0,-) =wy
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Application

Disturbance

/ AN
/ N —Solid Wall

/ \
7
/

\—>Flexible Wall
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Application

A= A2
J
Bu=737i4 ajujééj
a€(3,1), rne(0,d), n+a/2>3/8

G a bounded operator (e.g. characteristic function)
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Application

o A=A2
o Bu= Zj:l QJUJ(Séj
oac(}1), ne(0d), rnta/2>3/8

@ G a bounded operator (e.g. characteristic function)

E(t) = /Q |Vz(t,x)]2 + | z(t, x)[2dx +/ |Aw(t, x)|? + |we(t, x)|?dx

)
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Application

o A=A2
o Bu= Zj/:l QJUJ(Séj
oac(}1), ne(0d), rnta/2>3/8

@ G a bounded operator (e.g. characteristic function)

E(t) = /Q |Vz(t,x)]2 + | z(t, x)[2dx +/ |Aw(t, x)|? + |we(t, x)|?dx

)

J(u,v) = /OT <E(t)+ u(t)]? —72/9 |gv(t,x)\2dx> at
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Application

@ A Thermoelastic Plate Model:

Wit — pAwy + A2w+ A0 =Gv in Qx(0,T)
0 — A0 — Aw; =0 in Q T
w=Aw=0, Z0+b)=u in T
w(0,-) = wy, we(0,:) =wy in Q
6(0,-) =6 in Q

G a bounded operator (e.g. characteristic function)

disturbance

thermoelastic plate

control of temperature
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Application

E(t) = / we(t, X)12 + p|Vwe(t, )2 + | Aw(t, )2 + 6(t, x) 2ax
Q
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Application

E(t) = / we(t, X)12 + p|Vwe(t, )2 + | Aw(t, )2 + 6(t, x) 2ax
Q

J(u, v):/OT <E(t)+/ru(t,x)2dx—72/Q|gv(t,x)|2dx> dt
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Proof for the Main Result

y(t) = A7)y + Lru(t) + Wrw(t), tels, T]

where

t t
Lru(t) = / A By(r)dr,  Wrw(t) = / A7) Gy (r)ar
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Proof for the Main Result

y(t) = A7)y + Lru(t) + Wrw(t), tels, T]

where

t t
Lru(t) = / A By(r)dr,  Wrw(t) = / A7) Gy (r)ar

Lt continuous: Ly([s, T],U) — La([s, T], Y)
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Proof for the Main Result

y(t) = A7)y + Lru(t) + Wrw(t), tels, T]

where

t t
Lru(t) = / A By(r)dr,  Wrw(t) = / A7) Gy (r)ar

Lt continuous: Ly([s, T],U) — La([s, T], Y)

W1 continuous: Ly([s, T], V) — C([s, T], Y)
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Proof for the Main Result

Step 1: Fix w € Ly([s, T], V),
JW,T(U) = JW,T(Uay(u))

.
=/ IRy (e) 112+ [ u(e) |2 =2 | w |* at
S
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Proof for the Main Result

Step 1: Fix w € Ly([s, T], V),
JW,T(U) = JW,T(Uay(u))

.
=/ IRy (e) 112+ [ u(e) |2 =2 | w |* at
S

JW,T(U) (3)

inf
uely([s, T],U)
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Proof for the Main Result

o There exists a unique optimal pair {u;, +(-, y0), y,, 7(-: ¥0)} with
correspondent cost

;
Jw, 7(¥0) =/ I Ry, 7(t.50) 17 + 1| ugy (£, y0) 12 =72 | w [|? at
s

being a solution to (3)
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Proof for the Main Result

o There exists a unique optimal pair {u;, +(-, y0), y,, 7(-: ¥0)} with
correspondent cost

;
Jw, 7(¥0) =/ I Ry, 7(t.50) 17 + 1| ugy (£, y0) 12 =72 | w [|? at
s

being a solution to (3)
@ The optimal pair satisfies the following relations:

Uy, 7( ¥0) = —LTR*Ry,, (-, y0) € Lo([s, T], U)

that is,

-
u,, 7(t,y0) = —B*/ eA*(Tft)R*Ryﬁ,;,-(T, yo)dr a.e. int
t
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Proof for the Main Result

JI?V,T(.yO) = Jlj/,T(yO =0)+ JSV:O,T(YO) + Xw, Ty

where

Jo.7(vo =0) = (w, [WFR*(I + RLT Ly R*) ' RWr — ~*I]w)

L2([5’T]7V)
X Ty = 2 (ReAtyo (I + RLTL*}R*)’lRWTw)
1 1aY0 ’ Ly([s,T],2)
a0 = (R O R )

U A ED (SIS RS AVIEHIEW VETSMIMIN-MAX GAME THEORY PROBLEMS F November 1, 2008 16 / 23



Proof for the Main Result

Let 72 =|| WiR*(I + RLT L R*) "X RWr ||1,(js.7],v), define

E, =~ — WiR*(I + RLTL%R*) ' RWr
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Proof for the Main Result

Let 72 =|| WiR*(I + RLT L R*) "X RWr ||1,(js.7],v), define

E, =~ — WiR*(I + RLTL%R*) ' RWr

(Eyw,w) > (V2 =72) | w||?
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Step 2: Let v > .

SUPwelL,([s, T],V) J\?V,T(yo)
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Step 2: Let v > .
SUPweLy([s, T],V) . T(Y0)= infucr, (s, 11,v) =0, 7(%0)
where
_JSV,T(YO) = (w, EVW)LQ([S,T],V)

—2(RAf (I + RLTL:R*)"RW )
e o, (I + RLTLTR') ™) s m1.2)

(R At / RL+L%R* —1R At
( " y0, (I + RLTLTR™) " Re yo)LQ([s,T],Z)
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Step 2: Let v > .
SUPweLy([s, T],V) . T(Y0)= infucr, (s, 11,v) =0, 7(%0)
where
_JSV,T(YO) = (w, EWW)LQ([S,T],V)

—2(RAf (I + RLTL:R*)"RW )
e o, (I + RLTLTR') ™) s m1.2)

(R At / RL+L%R* —1R At
( " y0, (I + RLTLTR™) " Re yo)LQ([s,T],Z)

w*(t, yo) = —E7_1W$R*(I + RLTL* R*)ReAtyo minimizes —Jy (%)
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@ For 0 < v < 7, (2) will leads to +oo if || w ||— 400

@ For v > ~., there exists a unique optimal pair
{v*(-,¥0), ¥ (-, 0), w*(-, yo) } with correspondent cost

;
J5 (", w¥) =/ I Ry*(t,y0) 12 + I ™ (2, yo) 1> =72 || w*(t. y0) |I* at
S

being a solution to (2),
and
(i)u*(t,s; yo) = —L%R*Ry*(t,s; yo)
(i) w*(t, s; y0) = Y 2WER*Ry*(t, s; yo)
(iit) ety = (I + LTLFR*R — v 2 Wr W3 R*R)y*(t, s y0)
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Proof for the Main Result

Step 3:
d(t,s)x = y*(t,s; x)

U4 ED R (SL NV SRS AVEDIEWVESSMIMIN-MAX GAME THEORY PROBLEMS F November 1, 2008 20 /23



Proof for the Main Result

Step 3:
d(t,s)x = y*(t,s; x)

O(t,s)x = P(t, 7)P(7,s)x for0<s<7<T

O(t,t)x=x for0<t<T
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Proof for the Main Result

Step 3:
d(t,s)x = y*(t,s; x)

O(t,s)x = P(t, 7)P(7,s)x for0<s<7<T

O(t,t)x=x for0<t<T

-
P(t)x:/ AT R*RO(7, t)xdr

t
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Proof for the Main Result

Step 3:
d(t,s)x = y*(t,s; x)

O(t,s)x = P(t, 7)P(7,s)x for0<s<7<T

O(t,t)x=x for0<t<T

-
P(t)x:/ AT R*RO(7, t)xdr

t
Properties of P(t):

o [P(t)x|y< Clxly

o u*(,s;x)=—=B*P(-)y*(-,s; %)

o wi(,5:x) =77 2G"P()y*(:,5:x)
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Proof for the Main Result

P(t) satisfies the following Differential Riccati Equation(DRE):

at(P(t)x,y) = —(Rx,Ry) — (P(t)x, Ay) — (P(t)Ax, y)
+(B*P(t)x, B*P(t)y) — v*(G*P(t)x, G*P(t)y) (4)

P(T)=0
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Proof for the Main Result

P(t) satisfies the following Differential Riccati Equation(DRE):

at(P(t)x,y) = —(Rx,Ry) — (P(t)x, Ay) — (P(t)Ax, y)
+(B*P(t)x, B*P(t)y) — v*(G*P(t)x, G*P(t)y) (4)

P(T)=0

Question: How about the wellposedness of DRE (4)?
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Proof for the Main Result

P(t) satisfies the following Differential Riccati Equation(DRE):

at(P(t)x,y) = —(Rx,Ry) — (P(t)x, Ay) — (P(t)Ax, y)
+(B*P(t)x, B*P(t)y) — v*(G*P(t)x, G*P(t)y) (4)

P(T)=0

Question: How about the wellposedness of DRE (4)?

Main concerns:

;
|B*P(t)x|y = | / B*e*" U= R*Rd(r, t)xdr|
t
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Proof for the Main Result

Theorem: For « satifying v > ~. and
| 1+ LrL5R*R — v 2Wr WER'R ||#0

| + LTL%R*R — v 2WrW:R*R boundedly invertible on C([s, T], Y)
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Proof for the Main Result

Theorem: For « satifying v > ~. and
| 1+ LrL5R*R — v 2Wr WER'R ||#0

| + LTL%R*R — v 2WrW:R*R boundedly invertible on C([s, T], Y)

Lemma:(/ + L7L%) is boundedly invertible on C([s, T], Y)
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Proof for the Main Result

Corollary:

()y*(t,siy0) € C([s, T, Y) and |y*(t,s; y0)lc(s, 11.v) < Klyoly
(iu*(t,siy0) € C([s, T], U) and [u* (¢, s; y0)|c(s, 1,0y < Kilyoly
(ii)w*(t,s;y0) € C([s, T], V) and [w*(t, s; y0)lc(s,11,v) < Kolyoly
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Proof for the Main Result

Corollary:

()y*(t,siy0) € C([s, T, Y) and |y*(t,s; y0)lc(s, 11.v) < Klyoly
(iu*(t,siy0) € C([s, T], U) and [u* (¢, s; y0)|c(s, 1,0y < Kilyoly
(ii)w*(t,s;y0) € C([s, T], V) and [w*(t, s; y0)lc(s,11,v) < Kolyoly

o |B*P(t)x|y < C(T — t)l_a|x|y
e |G*P(t)x|v < Clx|y
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