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KAM and Arnold diffusion.
1. What is KAM?

metric sense: the relative measure of surviving tori approaches one as the size of the pertur-
bation approaches zero. (For a precise formulations of different versions of KAM theory we
refer to [?], [?], [?], [?]; the latter reference contains the proof of the positivity of the measure
of invariant tori).

Stability for two degrees of freedom. In the case of n = 2 degrees of freedom,
KAM theory implies that the actions I1, I2 stay close to their initial values for all time,
provided the perturbation of H is small enough; no resonances will ever accumulate. The
reason for this stability is topological: for the unperturbed Hamiltonian, the 3–dimensional
surface H = const. is foliated by a one–parameter family of invariant 2–tori. Under a small
perturbation, a Cantor set of these tori survives. These surviving tori have codimension one
on the energy surface. Consequently, any solution starting between two surviving invariant
tori must stay between them for all time.

Instability with ! 3 degrees of freedom. With n ! 3 degrees of freedom there is no a
priori reason for stability, which led Arnold [?] to conjecture that a general small perturbation
of a completely integrable system leads to instability, i.e. to the existence of a solution along
which the action vector (I1, . . . , In) consisting of the integrals of the unperturbed system
changes by a finite amount. This instability came to be known as the Arnold diffusion. The
phenomenon has nothing to do with the standard diffusion, and would be better described as
the resonance-based drift of action.

There has been much work on trying to prove the ubiquity of Arnold diffusion since
Arnold’s original paper appeared. R. Douady [?] proved that a symplectic map with an
elliptic fixed point in Rn, n ! 2 can be perturbed so that to destroy topological stability of
the fixed point – without affecting any of the Taylor coefficients of the map at the fixed point.
Such a map can be viewed as a Poincaré map of a periodic orbit of a Hamiltonian system with
n + 1 ! 3 degrees of freedom. Douady’s result thus shows the presence of Arnold diffusion
in the neighborhood of an elliptic periodic orbit under some mild perturbations. In Arnold’s
original example [?], as well as in ours, the action drifts in a particular direction, namely, in
the direction of a particular resonance; in our example this drift corresponds to the geodesic
turning in the direction of the (x, y)–plane.

There is a rich literature on Arnold diffusion; we mention [?], [?], [?], [?] and references
therein, going far beyond the example discussed here. In this paper we discuss the same
example as in [?] but from a different point of view.

This example is a variation on Arnold’s example and we treat it by the method of broken
geodesics. The nature of the proof is similar to those of Bessi [?] and Mather [?], but we avoid
substantial technical difficulties that these authors had to overcome by choosing a localized
perturbation.

BEGIN INSERT
{

q̇ = Hp(q, p)

ṗ = " Hq(q, p)
; q, p # Rn

END INSERT
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A Hamiltonian system:

Completely integrable:   has n commuting integrals

Liouville-Arnold: phase space of such system is 

foliated by n-dimensional tori (assuming...); 

on each torus one has the rectilinear ßow. 



Completely integrable systems (contÕd). 
There exist so-called action-angle variables in which 
the completely integrable system takes form  

BEGIN INSERT
{

θ̇ = ω(I )
˙I = 0

END INSERT
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An invariant torus:        

Motion on a torus:         
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Completely integrable systems (contÕd). 

The simplest example: a free particle:            ,  

or
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θ̈ = 0
{

θ̇ = I

İ = 0

END INSERT
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An invariant torus: the constant vector Þeld on the 
conÞguration torus                  .

BEGIN INSERT
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I = (I1, . . . , In) = const.

TRAP

Figure 1:
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END INSERT
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What happens under small perturbations of a 
completely integrable system? 



KAM  theory. 

ÒMost invariant tori survive under a small 
perturbation of a completely integrable systemÕÕ. 

An optical/mechanical/geometrical interpretation:BEGIN INSERT
θ̈ = −ε∇U(θ), θ ∈ Rn

END INSERT
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BEGIN INSERT
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U

END INSERT
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    is periodic in each variable.  

An invariant torus is an invariant vector Þeld:

BEGIN INSERT
θ̈ = −ε∇U(θ), θ ∈ R

n

θ̇ = v(θ) ≈ const.

END INSERT
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KAM  theory (contÕd). 
A key difference between n=2 and n=3 d.o.f.
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2-tori separate 

BEGIN INSERT
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3-tori donÕt separate 

An optical/mechanical implication of this difference: 

1.4 An optical/geodesic interpretation of Arnold diffusion.

According to the Maupertuis principle, trajectories of (2) with Þxed energy úx2/2 + εU (x) = 1
are also geodesics in the Jacobi (kinetic energy) metric:

dJ =
√

2(1− εU (x)) ds, (3)

where ds is the Euclidean metric. Alternatively, one can think of tra jectories as the rays in
an optical medium with the index of refraction

n(x) =
√

2(1− εU (x)) .

We point out that the geodesics give only the trajectories, i.e. the paths in the conÞguration
space. The positionx(t) at time t can be recovered from the speedv(x) =

√
2(1− εU (x)).

The topological difference between the casesn = 2 and n = 3 has a nice interpretation in
the geodesic case. The geodesic ßow can be described by a symplectic mapping as follows.
Consider the case ofn = 2 Þrst. Let S(q, Q; ε) be the distance in the Jacobi metricdJ between
the points (0, q) and (1, Q) in R2. Let us deÞne the momentap and P by

{
p = −Sq(q, Q; ε)

P = SQ (q, Q; ε)
(4)

Geometrically, p and P are approximately the sines of the angles between the trajectory

0 0

1

1

p

p

qq

P
Q

(q, p) (Q, P )

Figure 1: An annulus mapping arising from the variational principle via (4).

joining the two endpoints and the horizontal coordinate axis, Figure 1. The system (4)
deÞnes the symplectic mappingψε := ( q, p) "→ (Q, P ) for all q ∈ R, |p| ≤ M , where the
constant M depends onε. The constant M can be chosen arbitrarily large for sufficiently
small ε.

For ε small, the mapping ψ is close to the integrable twist mapψ0 := ( q, p) "→ (q + p, p).
For the latter map, p is the conserved quantity Ð this is the manifestation of the fact that for
ε = 0 the trajectories are straight lines. The map ψε satisÞes all the conditions of MoserÕs
twist theorem [Mo], and thus possesses invariant circles, Figure 1. In particular, all iterates
of any point in the annular region between two invariant circles is bounded therein. The
corresponding values ofP are bounded therefore as well, and there is no Arnold diffusion in
this case.

For the case ofn = 3 this argument no longer holds. Indeed,ψε deÞned by (4) is a map
of R4, and there is no a priori reason for the momentump to be conÞned under the iterations
by ψ.
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Slope (p) stays bounded for all time if there is an 
invariant torus for n=2. 



An aside: Symplectic Maps via Mechanics.
BEGIN INSERT

¬! = −"∇U (! ), ! ∈ R
n
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END INSERT
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BEGIN INSERT
∫

γ

f dq +

∫

γ

F dQ = 0 or

∫

γ

p dq =

∫

γ

P dQ

END INSERT
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Arnold diffusion.BEGIN INSERT
θ̈ = −ε∇U(θ), θ ∈ R
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3-tori donÕt separate 

Can the action change by a ``largeÓ amount for 
arbitrarily small perturbation of a completely 
integrable system?  

ÒThe details of the proof must be formidable,
although the ideas of the proof are clearly 

outlinedÓ (MoserÕs review of ArnoldÕs article). 

BEGIN INSERT

H =
1

2
(I2

1 + I2

2 ) + ε(cosϕ1 − 1)(1 + µ(sinϕ2 + cos t))

END INSERT
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ArnoldÕs example (1964):

There exist arbitrarily small    and     for which     
changes by        .
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Arnold diffusion-contÕd.

For a particle in a weak potential:  BEGIN INSERT

¬θ = −ε∇U (θ), θ ∈ R
3

END INSERT

3

the phenomenon becomes transparent. Fix the 
energy, e.g.

The system is equivalent to the optical one of rays 
in the Maupertuis metric  

BEGIN INSERT
θ̇2

2
+ εU(θ) =

1

2

v ds = (1 + O(ε))ds

END INSERT
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BEGIN INSERT
θ̇2

2
+ εU(θ) =

1

2

v ds = (1 + O(ε))ds

END INSERT
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close to the Euclidean metric; the geodesics are 
nearly straight lines. 

Arnold diffusion: the existence of rays that change 
direction by        . 

BEGIN INSERT

H =
1

2
(I2

1 + I2

2 ) + ε(cosϕ1 − 1)(1 + µ(sinϕ2 + cos t))

O(1)

END INSERT
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Arnold diffusion-contÕd.

Douady, Bessi, Nekhoroshev, De la Llave, Treschev, Mather. 

A simple example (Kaloshin-L): 

twist theorem [Mo], and thus possesses invariant circles, Figure 1. In particular, all iterates
of any point in the annular region between two invariant circles is bounded therein. The
corresponding values of P are bounded therefore as well, and there is no Arnold diffusion in
this case.

For the case of n = 3 this argument no longer holds. Indeed, ψε defined by (4) is a map
of R4, and there is no a priori reason for the momentum p to be confined under the iterations
by ψ.

Thus, geometrically, to prove Arnold diffusion for (2) amounts to showing that for ar-
bitrarily small ε there exist geodesics in the Jacobi metric (3) which change direction by a
prescribed angle ≥ const > 0. An equivalent optical interpretation: there exist rays which
change direction by a prescribed finite angle, in a medium whose index of refraction is arbi-
trarily close to 1.

2 The result: a simple metric with diffusion.

We state our main result: a simple metric, arbitrarily close to Euclidean, with some of the
geodesics changing directions by a “large” amount. At the same time, the majority of the
geodesics in this metric are of KAM type.

2.1 The metric.

Our metric dρ is defined as a Ck–small perturbation of the standard Euclidean metric ds =√
dx2 + dy2 + dz2 in R3:

dρ2 =

(
1 + ε cos2

πz
2

− εk+1β(θ, ε)
)

ds2, (5)

where k ≥ 2, β is a C∞ smooth bump function, periodic in x, y, z, supported on ε–balls
centered at integer points in Z3 with even coordinates3:

β(θ, ε) =
∑

n∈Z3

η

(
|θ − 2n|

ε

)
. (6)

To be specific, we pick η([0, 1
2 ]) = 1, η([1,∞)) = 0 with η being C∞ smooth monotone

decreasing on [12 , 1], even, and smooth on R. Under these conditions the bump εk+1β is
indeed Ck–small with ε. We will show that for arbitrarily small ε the metric (5) possesses
geodesics which change their direction by any prescribed amount, given enough time. This
amounts to the proof of Arnold diffusion. Speaking in the equivalent terms of particles in
potentials, this amounts to proving that perturbations can accumulate in a consistent way to
cause a “large” change of direction, no matter how small the perturbations are.

Our example (5) is in some sense the simplest possible: the leading term in the pertur-
bation depends only on z (this probem is equivalent to the mathematical pendulum the the
z–direction and a free motion in the (x, y)–direction), with the higher–order perturbation
due to the lenses. A heuristic explanation of the dynamics of this example is given after the
formulation of the main theorems.

3This choice is made for later convenience.
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Figure 2: The mechanism of Arnold diffusion. Centers of the balls form a cubic lattice. Only
transitions with σi = +2 are shown in this illustration.

The following theorem states that the transitions from one ball to another can be pre-
scribed arbitrarily within a certain latitude. This theorem is illustrated in Figure 2.

Theorem 2. There exists ε0 > 0 such that for any 0 < ε < ε0 the following holds. Given
any infinite sequence of integer vectors ni ∈ 2Z2 with

|ni| > ε−(k+2), |ei+1 − ei| < εk+ 5
2 , where ei =

ni

|ni|
, (7)

and any infinite sequence of σi = ±2, there exists a geodesic θ(s) of (5), where s is the
length parameter, with the itinerary {ni, σi}∞i=−∞, in the following sense: for a sequence of
parameters . . . < si < si+1 < . . . we have

θ(si+1) − θ(si) = (ni, σi) + δ,

3This choice is made for later convenience.
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any infinite sequence of integer vectors ni ∈ 2Z2 with

|ni| > ε−(k+2), |ei+1 − ei| < εk+ 5
2 , where ei =

ni
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, (7)

and any infinite sequence of σi = ±2, there exists a geodesic θ(s) of (5), where s is the
length parameter, with the itinerary {ni, σi}∞i=−∞, in the following sense: for a sequence of
parameters . . . < si < si+1 < . . . we have
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3This choice is made for later convenience.
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Arnold diffusion-contÕd.



where |δ| < 2ε. Moreover, each θ(si) lies in an ε–neighborhood of a vertex of the lattice 2Z3.
Finally, si+1 − si = |ni|(1 + o(ε0)) .

Corollary. The (fastest achievable) speed of Arnold diffusion in our example is O(ε2k+4 1
2 ).

More precisely, there exist ε0 and a constant c such that for all 0 < ε ≤ ε0 there exists a
geodesic θ(s) parametrized by the Euclidean length s such that | úθ(s′) − úθ(s)| > 1 for some s, s′

with |s′ − s| < cε2k+4 1
2 .

According to this corollary, the smoother is the perturbation, the slower is the diffusion.
This is consistent with NekhoroshevÕs estimates which showthat the di ffusion caused by
analytic perturbations is exponentially slow, see [Ni] andreferences therein.

To formulate another consequence of the last theorem we deÞne the rotation set of a
geodesicγ, γ(t) ∈ R3 as the set of existing limits of all convergent sequences

{
γ(tn)
|γ(tn)|

}, tn → ∞

as where| · | is the Euclidean norm. We denote the rotation set ofγ by r(γ); this is a subset
of S2. If r(γ) is a single point, we call it the rotation vector. In these notations we have

Theorem 3. There exists ε0 > 0 such that for any 0 < ε < ε0 and for any r ∈ R3, |r| = 1
we have

1. there exists a geodesic of the metric (5) with r as its rotation vector.

2. there exists a geodesic whose rotation set is equal to S2.

Σ

Σ− Σ+

p−

p

p+

D1
D2

α

Figure 3: If D1 and D2 are large andα is small, then S has a minimum insideΣ. A broken
geodesic and a shadowing geodesic are shown. ThezÐaxis is perpendicular to the page.

A heuristic outline of the proof. The support of β is the lattice of balls in R3; consider
three of these balls, nearly aligned as shown in Figure 3;Σ denote the equatorial disks of these
balls. We also assume, to be speciÞc, that the centers of the balls the respectivezÐcoordinates
z− = 0, z = 2 and z+ = 4. Let us Þx any pair of points p± ∈ Σ± and pick any point p ∈ Σ. A
unique minimal geodesic connectsp− and p; similarly for p and p+ (Lemma 2). The length of
these geodesics will be denoted byL(p−, p) and L(p, p+). Consider the length of the broken
geodesic:

S(p) = L(p−, p) + L(p, p+), p ∈ Σ.

7

Arnold diffusion-contÕd.

A variational approach. 
Now, since our metric is isotropic – the indicatrices are spheres – the geodesics are normal

to wavefronts:
∇L ‖ θ̇, (11)

and the two vectors in (11) point in the same direction. Moreover, the definition of L implies
|∇L| = λ. Combining this with the energy relation (9), we conclude that |∇L| = |θ̇|, which
together with (11) completes the proof of (10). ♦

The support of the bump function β is the union of ε–balls centered at the integer points
2n; we will refer to such a ball as the “lens”, denoting it by Ln. Let ! n be the equatorial disk
of Ln of radius ε

1
3 , Figure 5.

Remark. We chose the radii of sections ! i so that the minimal geodesic segments
γ(p0, p1) with one of the ends on ∂! i does not intersect the corresponding lens sharing the
center with ! i. It turns out that ε

1
3 su" ces, see Figure 5, bottom.

L

Σ

∂Σ

Σ0

Σ1

p0

p1

p

Figure 5: There is a unique minimal geodesic between any two sections in neighboring z–
layers. This geodesic does not intersect any other lenses. Bottom: if p ∈ ∂! , then the
geodesic misses the lens L.

Let ! 0 and ! 1 be two disks of radius ε
1
3 whose planes are parallel to the (x, y)–plane with

centers at O0 = (n0, 0) and O1 = (n1, 2) respectively; here ni ∈ 2Z2, i = 0, 1. We will refer
to these disks as sections, see Figure 5

Lemma 2 (Existence of geodesic segments). For all ε sufficiently small the following holds.

1. For any p0 ∈ ! 0 and p1 ∈ ! 1 there exists a unique z–monotone geodesic γ(p0, p1) of the
metric (5).

2. γ(p0, p1) intersects no lenses except possibly L0 and L1 centered at O0 and O1 respec-
tively.

3. If pi ∈ ∂! i ( i = 0 or 1), then the geodesic does not intersect Li.
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The curvature in disk
oscillates periodically in time. 

Figure 1:

metric sense: the relative measure of surviving tori approaches one as the size of the per-
turbation approaches zero. (For a precise formulations of different versions of KAM theory
we refer to [Mo], [H], [D], [P]; the latter reference contains the proof of the positivity of the
measure of invariant tori).

Stability for two degrees of freedom. In the case of n = 2 degrees of freedom,
KAM theory implies that the actions I1, I2 stay close to their initial values for all time,
provided the perturbation of H is small enough; no resonances will ever accumulate. The
reason for this stability is topological: for the unperturbed Hamiltonian, the 3–dimensional
surface H = const. is foliated by a one–parameter family of invariant 2–tori. Under a small
perturbation, a Cantor set of these tori survives. These surviving tori have codimension one
on the energy surface. Consequently, any solution starting between two surviving invariant
tori must stay between them for all time.

Instability with ≥ 3 degrees of freedom. With n ≥ 3 degrees of freedom there is no a
priori reason for stability, which led Arnold [A1] to conjecture that a general small perturbation
of a completely integrable system leads to instability, i.e. to the existence of a solution along
which the action vector (I1, . . . , In) consisting of the integrals of the unperturbed system
changes by a finite amount. This instability came to be known as the Arnold diffusion. The
phenomenon has nothing to do with the standard diffusion, and would be better described as
the resonance-based drift of action.

There has been much work on trying to prove the ubiquity of Arnold diffusion since
Arnold’s original paper appeared. R. Douady [Do] proved that a symplectic map with an
elliptic fixed point in Rn, n ≥ 2 can be perturbed so that to destroy topological stability of
the fixed point – without affecting any of the Taylor coefficients of the map at the fixed point.

2

Arnold diffusion-contÕd.

The velocity of some motions is unbounded.

By contrast: a bead on a periodically oscillating 
hoop: the velocity is bounded for all time. 

An aside: Adiabatic invariants via centripetal force.



Coupled pendula.

Torsionally coupled pendula: 

Geometry of Arnold Diffusion.

Vadim Kaloshin∗ and Mark Levi†

October 31, 2008

1 Introduction

The goal of this paper is to present to non-specialists what is perhaps the simple possible
geometrical picture explaining the mechanism of Arnold diffusion. We choose to speak of a
specific model – that of geometric rays in a periodic optical medium. This model is equivalent
to that of a particle in a periodic potential in Rn with energy prescribed and to the geodesic
flow in a Riemannian metric on Rn.

1.1 A brief background on complete integrability.

The KAM (Kolmogorov-Arnold-Moser) theory deals with perturbations of completely inte-
grable Hamiltonian systems. A Hamiltonian system

{
ẋ = Hy(x, y)

ẏ = −Hx(x, y)
, i.e. ż = J∇H, J =

(
0 I
−I 0

)
, (1)

with a Hamiltonian H : R2n → R is said to be completely integrable if it possesses n inde-
pendent integrals Ik : R2n → R in involution – that is, if the Hamiltonian vector fields J∇Ik,
k = 1, . . . , n are linearly independent and commute.

BEGIN INSERT

ẍj + kẋj + sinxj = k((xj−1 − 2xj + xj+1) + I

ẍj + sinxj = εβ(xj−1, xj , xj+1)

END INSERT For a fixed set c = (c1, . . . , cn) of n constants the level set

Tc = {z ∈ R
2n : Ik = ck, k = 1, . . . , n}

is invariant under the Hamiltonian flow. A compact component of the level set Tc is an
n–dimensional torus for an open set of constants c. In other words, an open set in R2n is

∗partially supported by the Sloan and NSF grant DMS-0701271
†Partially supported by NSF grant DMS-0605878
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The conservative case (no forcing or friction):

An example: 

g = ε

x1

x2 x3

x4

Figure 3: A mechanical interpretation of (
eq:
??) with β = sin(xk−1 − 2xk + xk+1). fig:pointsoncircle

x1, x2

x1

x2

x3

x3

Figure 4: A 1 "→ 2 tranfer and a transition followed by a 2 "→ 3 transfer. Note
that x3 mostly “sleeps” during the first transfer, while x4 sleeps during the second
transfer.

the beginning of the process of energy transfer (from I to II ). Σ−
3 is the first

of a chain of consecutive sections with 123 are down. The section Σ+
3 is is

defined as the last such section. To be specific, we define

Σ−
3 : x3 = 0, x2

1 + x2
2 ≤ ε2, |x4 − π| ≤ ε,

and
Σ+

3 = Σ+
3 + 2π(m, n, 0, 0),

where the integers m, n will be chosen later. These sections are 3–disks in R4.
All the other sections are defined by translating these two sections, either in
the configuration space R4, or in index, as follows.

Σ4− = Σ3+ + 2π(
1

2
, l, 1,

1

2
);

the integer parameter l will be specified later.

Next,
Σ4+ = Σ4− + 2π〈0, m′, n′, 0, 0〉;

the integer parameters m′, n′ will be specified later.

2. GEODESIC SEGMENTS. Let Σ0, Σ1 be two consecutive sections in a chain
of sections described above and let pi ∈ Σ1, i = 0, 1. According to Lemma

existence
1

5
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Vadim Kaloshin∗ and Mark Levi†

October 31, 2008

1 Introduction

The goal of this paper is to present to non-specialists what is perhaps the simple possible
geometrical picture explaining the mechanism of Arnold diffusion. We choose to speak of a
specific model – that of geometric rays in a periodic optical medium. This model is equivalent
to that of a particle in a periodic potential in Rn with energy prescribed and to the geodesic
flow in a Riemannian metric on Rn.

1.1 A brief background on complete integrability.

The KAM (Kolmogorov-Arnold-Moser) theory deals with perturbations of completely inte-
grable Hamiltonian systems. A Hamiltonian system

{

ẋ = Hy(x, y)

ẏ = −Hx(x, y)
, i.e. ż = J∇H, J =

(

0 I
−I 0

)

, (1)

with a Hamiltonian H : R2n → R is said to be completely integrable if it possesses n inde-
pendent integrals Ik : R2n → R in involution – that is, if the Hamiltonian vector fields J∇Ik,
k = 1, . . . , n are linearly independent and commute.

BEGIN INSERT

ẍj + γẋj + sinxj = k((xj−1 − 2xj + xj+1) + I

ẍj + sinxj = εβ(xj−1, xj , xj+1)

σk

END INSERT
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Coupled pendula (contÕd).

Theorem (Kaloshin, Saprykina, L). Given any inÞnite 
sequence    of symbols                     , there exists a  
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1 Introduction

The goal of this paper is to present to non-specialists what is perhaps the simple possible
geometrical picture explaining the mechanism of Arnold diffusion. We choose to speak of a
specific model – that of geometric rays in a periodic optical medium. This model is equivalent
to that of a particle in a periodic potential in Rn with energy prescribed and to the geodesic
flow in a Riemannian metric on Rn.

1.1 A brief background on complete integrability.

The KAM (Kolmogorov-Arnold-Moser) theory deals with perturbations of completely inte-
grable Hamiltonian systems. A Hamiltonian system

{
ẋ = Hy(x, y)

ẏ = −Hx(x, y)
, i.e. ż = J∇H, J =

(
0 I
−I 0

)
, (1)

with a Hamiltonian H : R2n → R is said to be completely integrable if it possesses n inde-
pendent integrals Ik : R2n → R in involution – that is, if the Hamiltonian vector fields J∇Ik,
k = 1, . . . , n are linearly independent and commute.

BEGIN INSERT

ẍj + kẋj + sinxj = k((xj−1 − 2xj + xj+1) + I

ẍj + sinxj = εβ(xj−1, xj , xj+1)

END INSERT For a fixed set c = (c1, . . . , cn) of n constants the level set

Tc = {z ∈ R
2n : Ik = ck, k = 1, . . . , n}

is invariant under the Hamiltonian flow. A compact component of the level set Tc is an
n–dimensional torus for an open set of constants c. In other words, an open set in R2n is
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1 Introduction

The goal of this paper is to present to non-specialists what is perhaps the simple possible
geometrical picture explaining the mechanism of Arnold diffusion. We choose to speak of a
speciÞc model Ð that of geometric rays in a periodic optical medium. This model is equivalent
to that of a particle in a periodic potential in Rn with energy prescribed and to the geodesic
ßow in a Riemannian metric onRn.

1.1 A brief background on complete integrability.

The KAM (Kolmogorov-Arnold-Moser) theory deals with pertu rbations of completely inte-
grable Hamiltonian systems. A Hamiltonian system

{

úx = Hy(x, y)

úy = −Hx(x, y)
, i.e. úz = J∇H, J =

(

0 I
−I 0

)

, (1)

with a Hamiltonian H : R2n → R is said to be completely integrable if it possessesn inde-
pendent integralsIk : R2n → R in involution Ð that is, if the Hamiltonian vector Þelds J∇Ik,
k = 1 , . . . , n are linearly independent and commute.

BEGIN INSERT

¬xj + k úxj + sin xj = k((xj−1 − 2xj + xj+1 ) + I

¬xj + sin xj = εβ(xj−1, xj , xj+1 )

β(x, y, z)

END INSERT
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1 Introduction

The goal of this paper is to present to non-specialists what is perhaps the simple possible
geometrical picture explaining the mechanism of Arnold diffusion. We choose to speak of a
specific model – that of geometric rays in a periodic optical medium. This model is equivalent
to that of a particle in a periodic potential in Rn with energy prescribed and to the geodesic
flow in a Riemannian metric on Rn.

1.1 A brief background on complete integrability.

The KAM (Kolmogorov-Arnold-Moser) theory deals with perturbations of completely inte-
grable Hamiltonian systems. A Hamiltonian system

{

ẋ = Hy(x, y)

ẏ = −Hx(x, y)
, i.e. ż = J∇H, J =

(

0 I
−I 0

)

, (1)

with a Hamiltonian H : R2n → R is said to be completely integrable if it possesses n inde-
pendent integrals Ik : R2n → R in involution – that is, if the Hamiltonian vector fields J∇Ik,
k = 1, . . . , n are linearly independent and commute.

BEGIN INSERT

ẍj + kẋj + sinxj = k((xj−1 − 2xj + xj+1) + I

ẍj + sinxj = εβ(xj−1, xj , xj+1)

R
3

END INSERT
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1 Introduction

The goal of this paper is to present to non-specialists what is perhaps the simple possible
geometrical picture explaining the mechanism of Arnold di! usion. We choose to speak of a
speciÞc model Ð that of geometric rays in a periodic optical medium. This model is equivalent
to that of a particle in a periodic potential in Rn with energy prescribed and to the geodesic
ßow in a Riemannian metric onRn.

1.1 A brief background on complete integrability.

The KAM (Kolmogorov-Arnold-Moser) theory deals with pertu rbations of completely inte-
grable Hamiltonian systems. A Hamiltonian system

{

úx = Hy(x, y)

úy = −Hx(x, y)
, i.e. úz = J∇H, J =

(

0 I
−I 0

)

, (1)

with a Hamiltonian H : R2n → R is said to be completely integrable if it possessesn inde-
pendent integralsIk : R2n → R in involution Ð that is, if the Hamiltonian vector Þelds J∇Ik,
k = 1 , . . . , n are linearly independent and commute.

BEGIN INSERT

¬xj + k úxj + sin xj = k((xj−1 − 2xj + xj+1) + I

¬xj + sin xj = εβ(xj−1, xj , xj+1)

σ

END INSERT
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1 Introduction

The goal of this paper is to present to non-specialists what is perhaps the simple possible
geometrical picture explaining the mechanism of Arnold diffusion. We choose to speak of a
speciÞc model Ð that of geometric rays in a periodic optical medium. This model is equivalent
to that of a particle in a periodic potential in Rn with energy prescribed and to the geodesic
ßow in a Riemannian metric onRn.

1.1 A brief background on complete integrability.

The KAM (Kolmogorov-Arnold-Moser) theory deals with pertu rbations of completely inte-
grable Hamiltonian systems. A Hamiltonian system

{

úx = Hy(x, y)

úy = −Hx(x, y)
, i.e. úz = J∇H, J =

(

0 I
−I 0

)

, (1)

with a Hamiltonian H : R2n → R is said to be completely integrable if it possessesn inde-
pendent integralsIk : R2n → R in involution Ð that is, if the Hamiltonian vector Þelds J∇Ik,
k = 1 , . . . , n are linearly independent and commute.

BEGIN INSERT

¬xj + k úxj + sin xj = k((xj−1 − 2xj + xj+1) + I

¬xj + sin xj = εβ(xj−1, xj , xj+1)

σk = L or R

END INSERT
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1 Introduction

The goal of this paper is to present to non-specialists what is perhaps the simple possible
geometrical picture explaining the mechanism of Arnold diffusion. We choose to speak of a
specific model – that of geometric rays in a periodic optical medium. This model is equivalent
to that of a particle in a periodic potential in Rn with energy prescribed and to the geodesic
flow in a Riemannian metric on Rn.

1.1 A brief background on complete integrability.

The KAM (Kolmogorov-Arnold-Moser) theory deals with perturbations of completely inte-
grable Hamiltonian systems. A Hamiltonian system

!
ẋ = Hy(x, y)

ẏ = −Hx(x, y)
, i.e. ż = J∇H, J =

"
0 I
−I 0

#
, (1)

with a Hamiltonian H : R2n → R is said to be completely integrable if it possesses n inde-
pendent integrals Ik : R2n → R in involution – that is, if the Hamiltonian vector fields J∇Ik,
k = 1, . . . , n are linearly independent and commute.

BEGIN INSERT

ẍj + kẋj + sinxj = k((xj−1 − 2xj + xj+1 ) + I

ẍj + sinxj = εβ(xj−1, xj , xj+1 )

tk

END INSERT
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1 Introduction

The goal of this paper is to present to non-specialists what is perhaps the simple possible
geometrical picture explaining the mechanism of Arnold diffusion. We choose to speak of a
specific model – that of geometric rays in a periodic optical medium. This model is equivalent
to that of a particle in a periodic potential in Rn with energy prescribed and to the geodesic
flow in a Riemannian metric on Rn.

1.1 A brief background on complete integrability.

The KAM (Kolmogorov-Arnold-Moser) theory deals with perturbations of completely inte-
grable Hamiltonian systems. A Hamiltonian system

{

ẋ = Hy(x, y)

ẏ = ! Hx(x, y)
, i.e. ż = J" H, J =

(

0 I
! I 0

)

, (1)

with a Hamiltonian H : R2n # R is said to be completely integrable if it possesses n inde-
pendent integrals Ik : R2n # R in involution – that is, if the Hamiltonian vector fields J" Ik,
k = 1, . . . , n are linearly independent and commute.

BEGIN INSERT

ẍj + kẋj + sinxj = k((xj−1 ! 2xj + xj+1) + I

ẍj + sinxj = εβ(xj−1, xj , xj+1)

t = tk

END INSERT
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1 Introduction

The goal of this paper is to present to non-specialists what is perhaps the simple possible
geometrical picture explaining the mechanism of Arnold diffusion. We choose to speak of a
specific model – that of geometric rays in a periodic optical medium. This model is equivalent
to that of a particle in a periodic potential in Rn with energy prescribed and to the geodesic
flow in a Riemannian metric on Rn.

1.1 A brief background on complete integrability.

The KAM (Kolmogorov-Arnold-Moser) theory deals with perturbations of completely inte-
grable Hamiltonian systems. A Hamiltonian system

{

ẋ = Hy(x, y)

ẏ = −Hx(x, y)
, i.e. ż = J∇H, J =

(

0 I
−I 0

)

, (1)

with a Hamiltonian H : R2n → R is said to be completely integrable if it possesses n inde-
pendent integrals Ik : R2n → R in involution – that is, if the Hamiltonian vector fields J∇Ik,
k = 1, . . . , n are linearly independent and commute.

BEGIN INSERT

ẍj + kẋj + sinxj = k((xj−1 − 2xj + xj+1 ) + I

ẍj + sinxj = !" (xj−1, xj , xj+1 )

1 + O(! )

END INSERT
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1 Introduction

The goal of this paper is to present to non-specialists what is perhaps the simple possible
geometrical picture explaining the mechanism of Arnold diffusion. We choose to speak of a
specific model – that of geometric rays in a periodic optical medium. This model is equivalent
to that of a particle in a periodic potential in Rn with energy prescribed and to the geodesic
flow in a Riemannian metric on Rn.

1.1 A brief background on complete integrability.

The KAM (Kolmogorov-Arnold-Moser) theory deals with perturbations of completely inte-
grable Hamiltonian systems. A Hamiltonian system

{

ẋ = Hy(x, y)

ẏ = −Hx(x, y)
, i.e. ż = J∇H, J =

(

0 I
−I 0

)

, (1)

with a Hamiltonian H : R2n → R is said to be completely integrable if it possesses n inde-
pendent integrals Ik : R2n → R in involution – that is, if the Hamiltonian vector fields J∇Ik,
k = 1, . . . , n are linearly independent and commute.

BEGIN INSERT

ẍj + kẋj + sinxj = k((xj−1 − 2xj + xj+1) + I

ẍj + sinxj = εβ(xj−1, xj , xj+1)

tk+1

END INSERT
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1 Introduction

The goal of this paper is to present to non-specialists what is perhaps the simple possible
geometrical picture explaining the mechanism of Arnold diffusion. We choose to speak of a
specific model – that of geometric rays in a periodic optical medium. This model is equivalent
to that of a particle in a periodic potential in Rn with energy prescribed and to the geodesic
flow in a Riemannian metric on Rn.

1.1 A brief background on complete integrability.

The KAM (Kolmogorov-Arnold-Moser) theory deals with perturbations of completely inte-
grable Hamiltonian systems. A Hamiltonian system

{

ẋ = Hy(x, y)

ẏ = −Hx(x, y)
, i.e. ż = J∇H, J =

(

0 I
−I 0

)

, (1)

with a Hamiltonian H : R2n → R is said to be completely integrable if it possesses n inde-
pendent integrals Ik : R2n → R in involution – that is, if the Hamiltonian vector fields J∇Ik,
k = 1, . . . , n are linearly independent and commute.

BEGIN INSERT

ẍj + kẋj + sinxj = k((xj−1 − 2xj + xj+1) + I

ẍj + sinxj = !" (xj−1, xj , xj+1)

#k

END INSERT
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Coupled pendula (contÕd).

1 The description of the motion.

We consider a system of coupled pendula

ẍk + sinxk = εβ(xk−1, xk, xk+1), xk+4 = xk; (1) eq:mainsystem

one can think of this as a system of four pendula with nearest neighbor coupling,
where the first pendulum (referred to as I) is coupled to the last (II). Alternatively,
one can think of an infinite chain of pendula with periodicity in index: xk+4 = xk.
We choose the period 4 to simplify the discussion; any period ≥ 4 can be treated
identically.

We will construct the complex motions of the pendula by concatenating, in a
lego-type fashion, different kinds of motion of a simple pendulum. These kinds are
listed below and are shown in Figure

fig:pendulumbasic
1.

0 1

Figure 1: The “running” and the near–heteroclinic motion are the building blocks
of the dynamics. fig:pendulumbasic

From now on we fix the energy of the system to be 1. The trajectories in the
configuration space R4 are then geodesics in the Maupertuis metric associated with
the chosen energy.

The system is near–integrable for small ε, and most (in the sense of measure)
of the systems’s energy surface is taken up by invariant KAM tori. In particular,
for most initial data the energy of each pendulum will stay close to its initial value
for all time. Nevertheless, we will show that this is not so for some motions: the
energy can slowly “seep” from one pendulum to another. One can in fact prove
more: we will describe the following physical manifestation of Arnold diffusion: for
an arbitrarily small ε and for any binary sequence σ = (. . . , σ−1, σ0, σ1, . . .) there
exists a sequence of times (. . . , t−1t0, t1, . . .) (depending on both ε and σ) such that
at time tk the kth pendulum has most (1−

√
ε) of the system’s energy. In particular,

we can make the energy wander along the chain of the pendula in any prescribed
fashion, advancing any number of steps, retracting any number of steps, and so on.

To be specific we will describe the diffusion of energy in one particular direction;
the general case requires no new ideas and carries over almost verbatim. We note
as a side remark that the space discretization of the sin-Gordon equation results in
a system of pendula with elastic coupling

[]
[?]. For elastic coupling one has

β(xk−1, xk, xk+1) = a(xk−1 + xk+1 − 2xk);

this corresponds to an elastic torsional coupling between the neighbors, and as the
angle xk+1 − xk → ∞ we have β → ∞. By contrast, the coupling we consider in
this paper can be interpreted as coming from a spring connecting points on a circle
with angular coordinates xk, as shown in Figure

fig:pointsoncircle
3.

2

: exponentially slow

: speed = O(eps)

: speed =O(1)

2

3

4

1

3

2
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4 4

1 falls asleep

Energy transfers from 1 to 2. Advance from 123 to 234.

1 1

: superexponentially
slow

1

2

3

4
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4
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1
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Σ−
3 Σ+

3 Σ−
4

Figure 2: One full step in the propagation of the “kink”. fig:pendula

The coupling in our system is localized and, unlike the linear coupling, is periodic
in its variables. By analogy with the sin-Gordon equation, we will refer to the motion
with the energy localized to one pendulum as a kink.

We first give a schematic physical description of the motion of the kink where a
pendulum with “almost all” of the system’s energy passes this energy to a neighbor.

Stage 1: transfer of energy. In this stage only three pendula: I , II and III
governed by (

eq:mainsystem
1) with k = 1, 2 and 3 are “active”, while IV “sleeps” upside-down.

The stage consists of many substages illustrated by Figures
fig:sections
5 and

fig:sirevlayer
??. In each of

these stages a small amount of energy is transferred from I to II . As shown in the
middle of Figure

fig:pendula
2, I is left with just enough energy to climb upside down and to

fall asleep there, while II rotates with speed O(1). This energy–transferring motion
is an example of Arnold diffusion which in slightly simpler case was described in
[SIREV]
[?].

Stage 2: the advance. This stage is sketched in Figure
fig:pendula
2. At t = 0 three

neighbors, say I , II and III , are in the bottom position. The middle pendulum
II is running: ẋ2 = O(1), while its two neighbors have near–heteroclinic speeds
close to the heteroclinic speeds, at t = 0. The remaining pendulun IV is up. As the
time goes on, while II is spinning with speed O(1), I rises to the top equilibrium,
where it will sleep until further notice, while the sleeper I “wakes up”, i.e. falls
from its perch, turning by π by the exact moment II finishes an integer number
n2 of full spins. By that moment, x3 makes a “gentle” turn by 2π, returning to the
bottom position1. In short, the accomplishment of this stage is the falling asleep of
I and the awakening of IV . We will call this stage the “advance” because of its
similarity with the advancing caterpillar: a rear foot (I ) is placed on the ground,
while the front foot (IV ) is lifted, ready to move.

1Since n2 is assumed to be large, so is the time involved in this stage, and therefore II spends
most of its time in the upside–down position

3



Left

Right

Fig. 5 

Fig. 5 

I  falls asleep;
II  runs; 
III  mostly up;
IV wakes up. 

Energy transfers
from I to II; III is 
the “facilitator”. 

Energy transfers
from II to III; IV is 
the “facilitator”. 

Fig. 5 - advance

Σ−
3 ! {x3 = 0}.

Σ+
3 ! {x3 = 0}.

Σ−
4 ! {x4 = 0}.

Σ+
4 ! {x4 = 0}.

fig:scenario

The ending moment of the second stage is the beginning moment of the first
stage described above modulo the shift of the index by 1. We have, in other words, a
“traveling wave” – a (very) discrete analog of the kink in the sine–Gordon equation.
However, in contrast to the standard traveling kink, ours can change the direction
of its propagation arbitrarily, according to a prescribed itinerary.

2 The proof.

Our proof of the existence of a traveling kink with an arbitrary allowed2 itinerary
is a shadowing variational argument, with the following main stages.

2.1 An outline.

1. SECTIONS. Referring to Figure
fig:pendula
2, we will define sections Σ ⊂ R4 of codi-

mension one as follows. Section Σ−
3 , for example, is sketched in Figure

fig:pendula
2, left.

The subscript 3 indicates that 3 is the “facilitator”. The sign “−” refers to

2to be made precise later
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Figure 5: Sections in the configuration space R5. We concatenate two types of
geodesic segments: the energy–exchanging and the transitional ones. The corre-
sponding motions of the pendula are sketched in Figures

fig:pendula
2 and Figure

fig:pendula
2 fig:sections

stated and proved in section
section.existence
2.2, there exists a connecting orbit γ(p0, p1) (for

the fixed energy 1) which depends smoothly on its ends p0, p1. At this stage
the integer parameters m, n and l are still free.

3. CONSTRUCTING A LONG SHADOWING GEODESIC. Let us choose a
finite sequence of N sections Σk, 0 ≤ k ≤ N (N is arbitrarily large); the
sections are arranged in the sequence as shown in Figure

fig:sections
5, for example

. . . , 3−, 3+, 4−, 4+, 1−, 1+, . . . (2) eq:itineraryexample

This is just an example; we can reverse the direction of energy propagation,
e.g.,

. . . , 3−, 3+, 3−, 2+, 2−, 1+, 1−, . . .

with arbitrarily many tango-like reversals of direction. Without the loss of
generality, let us pick a specific itinerary (

eq:itineraryexample
2). For any choice of points pk ∈ Σk

we have, by Lemma
lem:existence
?? a well–defined broken geodesic (in the Maupertuis

metric) γ(p0, . . . , pN). The length of this broken geodesic

L(p0, . . . , pN) = L(p0, p1) + . . . + L(pN−1, pN ). (3) eq:sumsegments

is a function of break points pn. We will show that L has a minimum on the
interior of its domain Σ0 × . . . × ΣN . Such an interior minimum corresponds
to a true geodesic.

4. THE KEY STEP: CONCATENATING TWO SEGMENTS. To see what in-
gredients we need to prove the existence of an interior minimum for (

eq:sumsegments
3), con-

sider two consecutive terms from the above sum:

L(p) = L(pi−1, p) + L(p, pi+1), p ∈ Σi
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Proofs.

¥Lemma 1: gradient=velocity.

¥Lemma 2: geodesic segments exist.

¥Lemma 3: velocity weakly depends on 
position. 

¥Lemma 4: variational matching of geodesic 
segments.


