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KAM and Arnold diffusion.

1.What is KAM?

q — Hp(Qap)

L ; ¢, p# R"”
p="Hyqgp)

A Hamiltonian system {

Completelyptegrabte hasn commuting integrals

LiouvillArnoldphase space of such system is
foliated byn-dimensional tori (assuming...);

on each torus one has the rectilinear 3ow.




Completely integrable systems (contQO

There exist so-calleaction-anghlariablem which
the completely integrablsystemtakes form

0 =w(l)
| =0
An invariant torusi = ( I1,...,I,) = const.

Motion on a torus:6 = w(I) = const.

6/16




Completely integrable systems (contO

The simplest example: a free particlem=0 ,

or
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A\

An invariant torus: the constant vector beld on the
conbguration torusR"modd1 .

What happens under small perturbations of a
completely integrable system?




KAM theory.

OQviost invariant torisurviveunder asmall -
perturbation of a completely integrable systemOO.

An optical/mechanical/geometrical interpretation:
0 =—eVU(H), 6cR"
U Is periodic in each variable.

An Invariant torus is an invariant vector beld:

0 = v(0) ~ const.




KAM theory (contOd).

A key difference between n=2 and n=3 d.o.f.

TRAP

3-tori donGteparates’
An optical/mechanical implication of this difference:
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Slope (p) stays boundddr all timaf there is an
Invariant torus for n=2.
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An aside: Symplectic Maps via Mechar




Arnold diffusion.

3-tori donGieparates®

Can the action change by a ““largeO amount for
arbitrarily small perturbation of a completely
Integrable system?

ArnoldOs example (1964):
1
H = §(I12 + 15) + e(cos p; — 1)(1 + p(sin gy + cost))

There exist arbitrarily smale and  for whidh
changes b@(1)

OThe details of the proof must be formidable,
although the ideas of the proof are clearly
outlinedQmoserds review of Arnold3s article)




Arnold diffusion-contOd.

For a particle in a weak potential:

o= —eVU(0), 0cR3 |
the phenomenon becomes transparent. Fix the
energy, e.g. .
" ) = -
o TPV
The system is equivalent to the optical one of rays

In the Maupertuis metric
vds = (14 O(e))ds

close to the Euclidean metric; the geodesics are
nearly straight lines.

Arnold diffusionthe existence of rays that change
direction b@(1).




Arnold diffusion-contOd.

Douady, Bessi, Nekhorosheyv, De la Llave, Treschev, Mather.

A simple example (Kaloshin-L):

o ML

dp? = (1 + £ cos o 5"““5(9,5)) ds?,




Arnold diffusion-contOd.
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Arnold diffusion-contOd.

A variational approach.




Arnold diffusion-contOd.

The curvature in disk
oscillates periodically in time.

The velocity of some motions is unbounded.

By contrast: a bead on a periodically oscillating
hoop: the velocity is bounded for all time.

An aside: Adiabatic invariants via centripetal force.




Coupled pendula.
Torsionally coupled pendula:
;i +yx; +sinx; =k((xj-1 — 2z +xj41) + 1
The conservative case (no forcing or friction):

Zj+sinx; = 85(£Cj_1,$j,37j_|_1)

An example:

T
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Coupled pendula (contOd).

Zj+sinx; = 86(:133'_1,333', £Uj_|_1)
Assume that3(x,y, z) Is supported on small
neighborhoods of integer points i

Theorem (Kaloshin, Saprykina, G)ven any inPnite
sequence of symbolss L or R , there exists a
sequence of timeés  such thatat; the energy

IS mostly in one pendulum O(!) ), and at

the next timé,+1 the energy moves L or R depending
on whethe#; isL or R.




Coupled pendula (contOd).

Enepy transfers from 1 to 2. Advance from 123to 234.

1 fallsasleep
4 wakesup

NLVZ .
— — :aperexponentially

71N slow

> : exponentially dow

> : peed = O(es)

>>: peed =0(1)
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I X3! {x3 =0}

Energy transfers

“o from | to II; Ill is
AN the “facilitator”
@/} .

/ J J J =i {xe =0}

N
| falls asleep;
Il runs;

Il mostly up;
IV wakes up.

N

¥, ! {x4 =0}

Energy transfers
from Il to lll; IV is
the “facilitator”.

J J J I =00
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Proofs.

_emma 1: gradient=velocity.
_emma 2: geodesic segments exist.

_emma 3: velocity weakly depends on
position.

KKK K

_emma 4: variational matching of geode:
segments.




