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Hierarchy of Scales and PDEs

Microscopic Scale

q̇k =
∂H

∂pk
, ṗk = −∂H

∂qk

H =
∑(D+K)N

k=1 p2
k + V

i~ψ̇ = Hψ

H = − ~2

2m
∑N

j=1∇
2
j +V

h ≈ 6.62 · 10−34(J · s)
c ≈ 2.99 · 108(m/s)
a ≈ 5·10−11(m)
ta ≈ 2.41·10−17(s)
m ≈ 10−27(kg)
N = 1, 2, . . . , N0

Mesoscopic Scale

∂tf + ξ ·∇f =
1
ε
Q(f, f)

f = f(x, ξ, t)

ε = Kn =
`

L
, Ma =

U

cs
kB ≈ 1.38·10−23(J/◦K)
` ≈ 102 – 103 (Å)
≈ 10 – 100 (nm)

τ ≈ 10−10(s)
cs ≈ 300 (m/s)

N � 1

Macroscopic Scale

ρDtu = −∇p+
1
Re

∇·σ

Dt = ∂t + u·∇
σ =

ρν

2
[(∇u)+(∇u)†]

+
2ρζ
D

I(∇·u)

Reδ =
UL

ν
∼ Ma

Kn
ν ≈ 10−6 – 10−4 (m2/s)
Kn ≈ 0 Ma < 103

L ≥ 10−5(m) = 10(µm)
T ≥ 10−4(s)
N ≥ NA ≈ 6.02 · 1023
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A Priori Derivation of Lattice Boltzmann Equation

The Boltzmann Equation with BGK approximation:

∂tf + ξ ·∇f =
∫

[f ′1f
′
2 − f1f2]dµ ≈ −

1
λ

[f − f (0)] , f ≡ f(x, ξ, t) . (1)

The Boltzmann-Maxwellian equilibrium distribution function:

f (0) = ρ (2πθ)−D/2 exp
[
−(ξ − u)2

2θ

]
, (2)

The macroscopic quantities are the hydrodynamic moments of f or
f (0):

ρ =
∫
fdξ =

∫
f (0)dξ , (3a)

ρu =
∫

ξfdξ =
∫

ξf (0)dξ , (3b)

ρε =
1
2

∫
(ξ − u)2fdξ =

1
2

∫
(ξ − u)2f (0)dξ . (3c)
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Integral Solution of Continuous Boltzmann Equation

Rewrite the Boltzmann BGK Equation in the form of ODE:

Dtf +
1
λ
f =

1
λ
f (0) , Dt ≡ ∂t + ξ ·∇ . (4)

Integrate Eq. (4) over a time step δt along characteristics:

f(x + ξδt, ξ, t+ δt) = e−δt/λ f(x, ξ, t) (5)

+
1
λ
e−δt/λ

∫ δt

0
et

′/λ f (0)(x + ξt′, ξ, t+ t′) dt′ .

By Taylor expansion, and with τ ≡ λ/δt, we obtain:

f(x + ξδt, ξ, t+ δt)− f(x, ξ, t) = −1
τ
[f(x, ξ, t)− f (0)(x, ξ, t)] +O(δ2t ) .

(6)
Note that a finite-volume scheme or higher-order schemes can also be
formulated based upon the integral solution.
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Passage to Lattice Boltzmann Equation
Three necessary steps to derive LBE:1,2

1 Low Mach number expansion of the distribution functions;
2 Discretize ξ-space with necessary and min. number of ξα;
3 Discretization of x space according to {ξα}.

Low Mach Number (u ≈ 0) Expansion of the distribution functions f (0)

and f up to O(u2) is sufficient to derive the Navier-Stokes equations:

f (eq) =
ρ

(2πθ)D/2
exp

[
−ξ2

2θ

]{
1 +

ξ · u
θ

+
(ξ · u)2

2θ2
− u2

2θ

}
+O(u3) . (7a)

f =
ρ

(2πθ)D/2
exp

[
−ξ2

2θ

] 2∑
n=0

1
n!

a(n)(x, t) : H(n)(ξ) , (7b)

where a(0) = 1, a(1) = u, a(2) = uu− (θ − 1)I, and {H(n)(ξ)} are
generalized Hermite polynomials.

1
X. He and L.-S. Luo, Phys. Rev. E 55:R6333 (1997).

2
X. Shan and X. He, Phys. Rev. Lett. 80:65 (1998).
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Discretization and Conservation Laws

The conservation laws are preserved exactly, if the hydrodynamic
moments (ρ, ρu, and ρε) are evaluated exactly:

I =
∫

ξmf (eq)dξ =
∫

exp(−ξ2/2θ)ψ(ξ)dξ, (8)

where 0 ≤ m ≤ 3, and ψ(ξ) is a polynomial in ξ. The above integral
can be evaluated by quadrature:

I =
∫

exp(−ξ2/2θ)ψ(ξ)dξ=
∑

j

Wj exp(−ξ2
j/2θ)ψ(ξj) (9)

where ξj and Wj are the abscissas and the weights. Then

ρ=
∑
α

f (eq)
α =

∑
α

fα, ρu=
∑
α

ξαf
(eq)
α =

∑
α

ξαfα, (10)

where fα ≡ fα(x, t) ≡Wαf(x, ξα, t), and f (eq)
α ≡Wαf

(eq)(x, ξα, t).

The quadrature must preserve the conservation laws exactly!
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Example: 9-bit LBE Model with Square Lattice

In two-dimensional Cartesian (momentum) space, set

ψ(ξ) = ξm
x ξ

n
y ,

the integral of the moments can be given by

I = (
√

2θ)(m+n+2)ImIn, Im =
∫ +∞

−∞
e−ζ2

ζmdζ, (11)

where ζ = ξx/
√

2θ or ξy/
√

2θ.
The second-order Hermite formula (k = 2) is the optimal choice to
evaluate Im for the purpose of deriving the 9-bit model, i.e.,

Im =
3∑

j=1

ωjζ
m
j .

Note that the above quadrature is exact up to m = 5 = (2k + 1).
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Discretization of Velocity ξ-Space (9-bit Model)

The three abscissas in momentum space (ζj) and the corresponding
weights (ωj) are:

ζ1 = −
√

3/2 , ζ2 = 0 , ζ3 =
√

3/2 ,
ω1 =

√
π/6 , ω2 = 2

√
π/3 , ω3 =

√
π/6 .

(12)

Then, the integral of moments becomes:

I = 2θ

[
ω2

2ψ(0) +
4∑

α=1

ω1ω2ψ(ξα) +
8∑

α=5

ω2
1ψ(ξα)

]
, (13)

where

ξα =


(0, 0) α = 0,
(±1, 0)

√
3θ, (0, ±1)

√
3θ, α = 1 – 4,

(±1, ±1)
√

3θ, α = 5 – 8.
(14)
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Discretization of Velocity ξ-Space (9-bit Model)

Identifying
Wα = (2π θ) exp(ξ2

α/2θ)wα , (15)

with c ≡ δx/δt =
√

3θ, or c2s = θ = c2/3, δx is the lattice constant, then:

f (eq)
α (x, t) = Wα f

(eq)(x, ξα, t)

= wα ρ

{
1 +

3(cα · u)
c2

+
9(cα · u)2

2c4
− 3u2

2c2

}
, (16)

where weight coefficient wα and discrete velocity cα are:

wα =


4/9,
1/9,
1/36,

cα = ξα =


(0, 0), α = 0 ,
(±1, 0) c, (0, ±1) c, α = 1 – 4,
(±1, ±1) c, α = 5 – 8.

(17)

With {cα|α = 0, 1, . . . , 8}, a square lattice structure is constructed in
the physical space.
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Discretization of Velocity ξ-Space

D2Q9 D3Q19

D3Q19 cubic lattice:

wα =


1/3,
1/18,
1/36,

cα =


(0, 0, 0), α = 0 ,
(±1, 0, 0) c, (0, ±1, 0) c, (0, 0, ±1) c, α = 1 – 6,
(±1, ±1, ±1) c, α = 7 – 18.
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LBE: Numerical Procedure

1 Choose particle velocity model
2 Given initial ρ0, u0

3 Calculate equilibrium distribution function

f (eq)
α (x, t) = wα ρ

{
1 +

3(cα · u)
c2

+
9(cα · u)2

2c4
− 3u2

2c2

}
4 Collision + Streaming

fα(x + cαδt, cα, t+ δt)− fα(x, cα, t) = −1
τ
[f(x, cα, t)− f (eq)(x, cα, t)]

5 Calculate ρ, u

ρ=
∑
α

fα, ρu=
∑
α

cαfα
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LBE Hydrodynamics: Chapman-Enskog Procedure

Performing Taylor expansion in time and space:

(∂t + cα · ∇)fα + ε
1
2
(∂t + cα · ∇)2fα =

1
ε
Ωα (18)

Chapman-Enskog expansion:
∂

∂t
= ε

∂

∂t1
+ ε2

∂

∂t2
+ . . .,

∂

∂x
= ε

∂

∂x1
, (19)

For distribution function:

fα = f (eq)
α + εf (neq)

α , f (neq)
α = f (1)

α + εf (2)
α +O(ε2) (20)

For collision operator,

Ωα(f) = Ωα(f (eq)) + ε
∂Ωα(f (eq))

∂fβ
f

(1)
β + ε2 (21)(

∂Ωα(f (eq))
∂fβ

f
(2)
β +

∂2Ωα(f (eq))
∂fβ∂fγ

f
(1)
β f (1)

γ

)
+O(ε3) .
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LBE Hydrodynamics: Chapman-Enskog Procedure

Order ε0

(∂t1 + cα · ∇1)f (eq)
α = −1

τ
f (1)

α (22)

Order ε1 [
∂t2 + (1− 2

τ
)∂t1 + cα · ∇1

]
f (1)

α = −f
(2)
α

τ
(23)

Constraints:∑
α

f (eq)
α = ρ

∑
α

f (k)
α = 0,

∑
α

cαf
(eq)
α = ρu

∑
α

cαf
(k)
α = 0 (24)

Hydrodynamical Equations:

∂tρ+ ∇ · (ρu) = 0 . (25a)
∂t(ρu) + ∇ ·Π = 0 . (25b)
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Validations: Thermal Incompressible Flows

Natural Convection in a Concentric Annulus: L/d = 1.67,
Ra = 106, Nu = 11.65

Natural Convection in a Cube: Ra = 105, Nux=0 = 4.378
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DNS of Decaying Homogeneous Isotropic Turbulence

Iso-Velocity Contours for LBE (left) and GKS (right)
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Applications: Bio-inspired Flows

Background Micro Air Vehicles (MAVs):
Technological Feasibility (MEMS) + Compelling New Military
Needs
Preliminary Results:

Peng (Math Dept, ODU) LBE Jun 4, 2007 18 / 19



Conclusions

Features:

Based on Boltzmann equation as opposed to NS equations;
Explicit finite difference (FD) scheme (O(δt), O(δ2x));
Stable central FD scheme without numerical viscosity;
Isotropic and conservative;

Advantages (based on 1st-Order linear PDEs1):

Smallest possible stencil for accurate discretization, mini. data
commun.;
Stiff source terms are local;
Discretized 1st-order systems may be easier to achieve convergence;
1st-order PDEs yield the highest potential discretization accuracy;
Better suited for functional decomposition;
Kinetic equation can be used to describe extended hydrodynamics;

1B. van Leer. Computational fluid dynamics: Science or toolbox. AIAA
2001-2520 (2001).
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