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We shall consider three nonlinear differential equations and outline
methods we have employed in their solution. We present:

1. Density Dependent Diffusion Nagumo Equation
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2. Lane-Emden Equatlon

V(+Z Y09+ £(1) =0, y(0) 3

3. Brinkman-Forchheimer Momentum Equation
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Part 1. Analytical and Numerical Solutions
of the Density Dependent Diffusion Nagumo

‘ﬂu
qt

Equation
‘ITae uo
— +u1 u)(u- a
ﬂxg TXg (4= uX )

Reference: R. A. Van Gorder and K. Varavelu, Analytical and

numerical solutions of the density dependent diffusion Nagumo
equation, Physics Letters A, 372 31 (2008) 5152-5158.



The Nagumo equation has various applications:

e logistic population growth,

« flame propagation,

 neurophysiology,

e autocatalytic chemical reaction,
 branching Brownian motion process and,
* nuclear reactor theory.



We seek solutions U( X, ) | R tothe density
dependent diffusion Nagumo eguation
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whereal (0,1) and m3 1. In particular, we seek a
traveling wave solution of the form

u(x,t) = f(x- ct) = f (2
where z° x- ct ,andcl R isthe wave speed.




The partial differential equation then reduces to the
ordinary differential equation

m(f(2)" (f42) +(f(2))" f4z)+cfqz2)
+ f (z)(l- f (z))(f (2)- a) =0

For the case of m= 1 and for the existence and
uniqueness results of the traveling wave solutions, see
Mansour [1]. Also, for m =1, Pedersen [2] presents
Interesting results with biological applications.
Motivated by these studies, we obtain in this paper
both analytical and numerical solutions for various
values of the parameter m in particular and the other
parameters c anda in general.



Analytical solutions
We seek a solution

f(z)=q aZ
i=0

However, in practice, we truncate the series, and obtain the
approximation

We provide solutionsin the case of m= 1,2,3, for various values
of the parameters. Comparing these to numerical solutions, we
have an understanding of the convergence region.
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Comparison of series solutions of various orders with
numerical solution, form=1, a=0.6,c=0.3,
f(0)=1/2 . f¢0)=0-
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Comparison of series solutions of various orders with
numerical solution, form=2, a=0.6, c=0.3,
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Comparison of series solutions of various orders with
numerical solution, form=3, a=0.6, c=0.3,

f(0)=1/2 . f¢0)=0-



A solution depending on hyperbolic tangent.

Our solutions should be bounded, yet as seen above a Taylor

serieswill not. Thus, in order to better modd the solution for
large z, consider a solution form as follows:

g(z)zi b, tanh’ (2)

0

We compare such solutions with the Taylor series solutions
provided above.
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Comparison of hyperbolic tangent and Taylor series, both
of order 8, form=3, a=0.6, c=0.3,

f(0)=1/2 » f40)=0-
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Comparison of hyperbolic tangent and Taylor series, both
of order 8, form=1, a=0.6,c=0.3,

f(0)=1/2 . f¢0)=0-



We now take alook at numerical solutions, obtained via Runge-
Kutta-Fehlberg 45 method in order to understand the influence of

the various parameters.
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We now take alook at numerical solutions, obtained via Runge-
Kutta-Fehlberg 45 method in order to understand the influence of
the various parameters.
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We now take alook at numerical solutions, obtained via Runge-
Kutta-Fehlberg 45 method in order to understand the influence of
the various parameters.
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Part 2. Analytic and Numerical Solutionsto
the Lane-Emden Equation

y'(%) +§ yi(x) + £ () =0,
y(0)=a, y'(0)=0

Reference: R. A. Van Gorder and K. Varavelu, Analytic and

Numerical Solutions to the Lane-Emden Equation, Physics
Letters A, 372 39 (2008) 6060-6065.



Applicability

* describes the thermal behavior of a spherical cloud of gas
acting under the mutual attraction of its molecules.

 used inthefield of astrophysics, it is actually the Poisson
equation describing the gravitational potential of a self-
gravitating spherically symmetric polytropic fluid [1, 2].



We consider functions of theform f(y) = y", where M =
3,4,5...; thus, we seek to solve the ODE given by

y'(%) +§ yi(x)+y" =0
y(0)=a, y'(0)=0

We first construct Taylor series solutions, convergent
over finite intervals. Then, we apply the Homotopy
Analysis Method of Liao [3] in order to construct
solutions which converge over a greater, though still
finite, interval.



60" order Taylor series solutions. a= 1, variable M




60" order Taylor series solutions. a = 10, variable M
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We shall focus on the casewhereM = 3, asitisa
relatively smple case that still exhibits strong nonlinearity.

Taylor series: M = 3, variable a

X
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Thisisin agreement with the results in Ramos [4]. Clearly,
the convergence region will depend heavily on theinitial
value a.



We now apply the Homotopy Analysis Method of Liao [3] In
order to obtain solutions valid over alarger interval than the

Taylor series solutions. We first provide a sketch of the
method.

By means of the HAM, one can choose the initial guessin
agreement with the series solution in section 2, namely

Y,(X) =a3 0.

The HAM allows for one to select an auxiliary linear
operator, which will then be used as a starting point in the
method. For our problem, one may select the auxiliary
linear operator L as 2

T =g,
In agreement with the highest order term of the Lane-
Emden equation .



We introduce the auxiliary parameter # such that, when

h =0 we have alinear equation, whilewhen 7=-1 we
have the nonlinear Lane-Emden equation we seek to solve.

The zeroth-order deformation eguation is then

N _ . eTY(x;9) , 2TY(x;9)
(1- q)L[Y(x;q) yo(X)]—qhg o X T
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u
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here the Homotopy is clearly evident.

We now set out to obtain a solution of the form

V() = ¥ (9 + & Y. (9)

the Homotopy Analysis Method (HAM) solution.



From here, we may exhibit the mth order deformation
equation, to wit:

V4
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subjectto y_(0) =0 and y¢(0) =0, where c_ isdefined
by
10, mE 1,
C., =i
11 m>1.

We may solve for the functions VY, (X) recursively, noting
that y,(X) isgiven by theinitial conditions.



The radius of convergence for the series

+¥
Y(X) = Yo () + A ¥(¥)

k=1
IS determined by the auxiliary parameter 7 . As7 tendsto
zero, the convergence of the solution seriesisenlarged. In
this way, one can adjust and control the convergence region of
the solution series. Thus, we compute the HAM series
solution in order to expand the convergence of the Taylor
series solutions.

The mth-order deformation equation and the conditions can be
written as

: y§x) =(n+c, )yﬁFl(X)+ y$1(><)+hga Yo 1 ,a YiYi. s
I
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The first several terms will be

a’h
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For computational purposes, we compute the series up to the 20th
term for use in our analysis and plots.
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HAM solutionsfor M =3, a=1, variable 5
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HAM solutionsfor M = 3, a= 10, variable #




HAM and Taylor series solutionsfor M =3,a=1, #=-0.15

Taylor series

T

HaAW zeties
h=-015

ey
e
Hunerical —— -




HAM and Taylor series solutionsfor M = 3, a= 10, #=-0.15
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* Thus, we are able to employ the Homotopy Analysis
Method in order to increase the region of convergence of
solutions to the Lane-Emden eguation.

« Compared to the standard Taylor series
approximations, the Homotopy Analysis Method
approximately doubles the region of convergence of the
approximate series solutions.

 \We have also obtained numerical solutions viathe
Runge—K utta—Fehlberg 4-5 technique to give us a
validation of the analytical methods discussed.
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Part 3. Solutionsto the Brinkman-
Forchheimer momentum equation for a
unidirectional flow over arectangular

domain
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Reference: R. A. Van Gorder, K. Varavelu, and F. T. Akyildiz,
Solutions to the Brinkman-Forchheimer momentum equation for
a unidirectional flow over a rectangular domain, International
Journal of Fluid Mechanics Research, accepted (2008).
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Terms and Parameters:

u Istheveocity in the x direction,
C. istheinertial coefficient,

r isthe density,

M isthe viscosity of the fluid,

M jsthe effective viscosity,

K i1sthe permeability, and

G Isthe adverse (negative) applied pressure
gradient.



For brevity of notation, define the following constants:

Cir B O m COE

Note that the appropriate boundary conditions are:
u(0,z) =u(1,z) =u(y,0)=u(y,1) =0

Recall that the 2D Laplacianis defined as
2 2
yo T, 1
Ty* 12z°

Thus, we really aim to solve the nonlinear Poisson equation

AO

Du=Au’+Bu-C
subject to the relevant boundary conditions.



Recent work:

 Hooman [1] considered the analog to the Brinkman-
Forchheimer equation over only one variable (i.e. they
variable) and obtained a perturbation solution for forced
convection in a saturated porous duct.

 Hooman and Merrikh [2] studied alinear form of the partial
differential equation (1), which is a special case of our study for
A=0.

Thus the problem of our interest is a generalization of the
problems studied in [1, 2].

Also, it can be shown that the boundary value problem we
consider has a unique smooth solution u (see Gilbard and
Trudinger [3]).



We make use of the Rayleigh-Ritz method in order to construct a
series solution. We first outline the method, and then use it to
solve the Brinkman-Forchheimer equation.

Given asmooth function f :R ® R with antiderivative

F(u) =qQ (X)X, the Euler-Lagrange equation associated with
the functional

| [w] © QV\DMZ- 2F (w)dx

Is simply the nonlinear Poisson equation - D u = f (u) indomain
W (seel[4, p. 435]).

For our purposes, W=[0,1]" [0,1] and f(u)° - Au?- Bu+C.



Hence, we are concerned with the functiona

J[w] © Qvi (Wy)2 +(w,)’ + 2 AW + BW - 200 dydz.
| 3 %
We now seek afunction u(y, z) which minimizes this functional. An
exact solution is not easy to obtain. However, we may consider an
approximate solution, in terms of some set of base functions. Let the
functionf (', z), which represents the boundary data, and let the
functionsf ,(y,z), -..f,, (y,z) for some positive integer M be
members of the set Q ={v in H"(W):v=0on fW}. Then, consicler
the sum of these functions, i.e.:

uy (v, 2 =fo(v,2+a ¢ f,(y,2).

=1

This function clearly belongs to Q.



Let U,, denote the function of the form above that minimizes the
functional J . Thus, Uy, is the Rayleigh-Ritz approximation (see [5]
for details) to the solution our eguation of interest.

Of course, f ,(y,z)° 0, asrequired by the boundary conditions of
the problem.

We restrict our choice of base functions to those in Q. Thus, we need
to find coefficients c,,...,c,, such that the functiona Jis minimal,

for

M
IE 6 Tg=I[u]
ei=1 u
. 5 .
° (\ﬁ(uM )y2 +(u|v| )22 +§ Au,” +Bu,” - 2Cu, %dydz-
ool



L et us define the function

M
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If the function which minimizes the functiona Jis

0w (¥,2=Q € f,(y.2)

for the given set of base functions Q, then we have that the
minimizing constants ¢,...,¢,, Satisfy the necessary conditions

H
ﬂ—((:l,...,cM):O,

flc,

for | =1,...,M. Hence, in principle, we may obtain the coefficients
as we have M necessary conditions from which we can solve for the
M needed constants . We follow this procedure and obtain our

approximate solutions.



Case 1: Consider base functions of theform y"(1- y)z"(1- 2)

Then, afour term approximation consists of base functions

fi(y,2)° y(1-y)z ( )

and coefficients c,...,c,T R; hence:

u(y,z) =cf,(y.z)+cf,(y,z)+cf,(y,z)+cf,(y.2)
= (g +Gy+cz+c,yz)y(1- ¥)z(1- 2).



We find that

2
_ Ack, L A%GtE) ack | oe, o6, oo, 4ot | A,
117600 525 1575 90 90 45 525 70560

2

JBleta)e, . A | A Acer | Adc, | Acc
3150 176400 1058400 127008 117600 70560

Clde+26+2c,+¢,)  Acle, , AG(G+G) | Acc | Accg,

H(c, ¢, CsC,)

72 39200 19600 35280 63504
, Ba | Bo  Ag(c,+g)c,  Bo(c+G) Acoe |, Bo | B
11025 3150 35280 900 19600 3150 900

BaG +¢G) , Accl  G(a+c), AG | A | 4c
1800 35280 45 29400 176400 525

Al ro)e

211680
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Specifying values for A, B, and C, one may attempt to solve the
corresponding necessary conditions numerically.



In the special caseof A=B=C=1, we have
(¢.8,.¢,.¢,)
= (1.1873933,1.9858305’ 10°8,1.9858305" 108, -3.6904953" 10'8)




Case 2: Consider base functions of the form sin™(p y)sin” (p z)

Then, afour term approximation consists of base functions
f.(y,z)° sn(py)sin(pz)
f,(y,z)° sin(py)sn®(pz)
fo(y,z)° sin’(py)sin(pz)
f,(y,2)° sin*(py)sin®(pz)
and coefficients by,...,b,T R. Thus,

u(y,z) =bf,(y,2) +bf,(v,2)+ bf,(y.2) + b, (y.2)
= (b, +b,sin(py)+b,sin(pz)+b,sin(p y)sin(p 2))
“sin(py)sin(pz).



In the special caseof A=B=C=1, we have
(6..5,5,5,)
= (0.1634153207, -0.06724 731693, -0.06724731693, 0.03985344601)
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The error in the approximations is of order 103, and we may

consider the relative difference in the approximations, plotted
below.

0.25
0.0

Note that we drastically decrease the errors by adding more terms
to our approximations.



We now turn our attention toward the influence of the physical
parameters on such approximate solutions. We employ the first
choice of base functions. Holding all other parameters fixed, and
taking z = 0.5, we consider a change in the product C.r.
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We now consider achangein m, the viscosity of the fluid; we hold
al other parameters fixed, and take z= 0.5.




We now consider achangein m, the effective viscosity; we hold all
other parameters fixed, and take z= 0.5.




We now consider achange in K, the permeability; we hold all other
parameters fixed, and take z= 0.5.
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We now consider a change in G, the adverse (negative) applied
pressure gradient; we hold all other parameters fixed, and take z =
0.5.
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