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Motivation

Rotorcraft design/optimization
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Motivation (cont.)

Optimization of aeroelastic configurations
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Motivation (cont.)

Supersonic flutter/ vibration control
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Motivation (cont.)

Active flow control
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Motivation (cont.)

Maneuvering/morphing

Courtesy of the FUN3D team, NASA LaRC



9

Aerodynamic Optimization Problem

Find control/design variables  D and states Q such that 
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s.t. the unsteady Euler/Navier-Stokes equations:
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equality constraints: 

side constraints:
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b≤D

• are not readily available!
• The number of design variables D is very large.

ψϕ,,f
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The Unsteady Reynolds-Averaged 
Navier-Stokes Equations
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Optimization Methods

Search Methods

Stochastic
methods

Heuristic 
Gradient-Free

Hybrid Methods

Surrogate/
Trust-Region

Gradient-Based:
QNM,CG,SQP 

Gradient-Free
Methods Gradient

Methods



12

Gradient Methods

The necessary condition of extrema: 0)( =∇ Df

Steepest descent: )(1 kkkk f DDD ∇−=+ δ
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Quasi-Newton methods: )(1 kkkkk fH DDD ∇−=+ δ



13

Gradient Methods (cont.)

Gradient Estimation

Finite
Differences

Complex
Step Method

Automatic 
Differentiation

Gradients through
sensitivities
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Continuous /

Discrete

The computational cost is 
independent of the number of 

design variables!
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number of design variables!
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Gradient Methods (cont.)

Continuous Adjoints vs. Discrete Adjoints
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Pros:
• No mesh sensitivities are required
Cons:
• The gradient may be inconsistent for shocks

or if the mesh is not sufficiently fine.
• BC have to be imposed and implemented

again for different cost functionals.
• A new code is needed for the adjoints.

Pros:
• Provides the exact discrete gradient 

on any mesh
Cons:
• Requires the mesh sensitivities.
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Discrete Time-Dependent
Optimization Problem

Discrete optimization problem:
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Discrete Time-Dependent 
Adjoint Equations

Lagrangian functional:
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Discrete Time-Dependent
Adjoint Equations (cont.)

Unsteady flow adjoint equations are integrated backward in time!
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The same adjoint equations can be used regardless of
the number of  the control variables D!
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Numerical Results and Validation

2-D unsteady Euler equations

Supersonic bump flow: tMtM ωcos2)( ∆+=∞

)(tM∞
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Optimal Control Problem

Objective functional: ( ) ( )9/17cos5.02)(; target
2
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Optimal Control Problem (cont.)

Comparison of the target and optimal Mach numbers 
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Design Optimization Problem

Objective functional: ( ) ( )9/17cos2.02)(;2
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Design Optimization Problem (cont.)

Comparison of the target bump and the optimal bump
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Pitching 3-D Wing
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Pitching 3-D Wing (cont.)

Design Cycle
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Pitching 3-D Wing (cont.)

Lift-to-Drag ratio
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Pitching 3-D Wing (cont.)

Optimal design
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Computational Complexity

Memory Requirements

The flow solution must be known at all time levels!
For 100,000 grid points per processor, 1000 time steps, the memory 
cost of a typical N-S discretization is of the order of O(10)-O(100) Gb.

Factors affecting the CPU time:

• Multiple evaluations of the primal and adjoint variables
• Resolution of multiple spatial and temporal scales
• Linearization cost
• Mesh movement
• Cost associated with physical models (turbulence, 
aeroelastisity, etc.)
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Memory Saving Techniques 

Checkpointing approach 

0 0.2 0.4 0.6 0.8 1

Time

Adjoint equations
check points

. . . . .

time steps for the N-S equations

. . . . .1 2 N

1 2 K

Pros:
• Provides the same
accuracy as the full method

• Reduces storage by a
factor N/K.

Cons:
• Doubles the CPU time.
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Memory Saving Techniques (cont.) 

Time-spectral method
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Cons:
• Is not applicable for  non-periodic

problems.
• Computational cost is large if the

Fourier series converges slowly.

Pros:
• Efficient for periodic
or quasi-periodic problems.

• Reduces storage by factor N/K,
where K is the number of modes. 
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Memory Saving Techniques (cont.) 

POD-based reduced-order model 

0 0.2 0.4 0.6 0.8 1

. . . . .

. . . . .1 2 N

1 2 K

snapshots Φ

time steps

K < < N

Pros:
•Reduces storage by a
factor N/K. 

•The same set of POD basis
functions can be used over
several optimization iterations.

Cons:
• No good strategy for

selecting snapshots.
• The POD basis has to be

reconstructed if the flow
differs from the state for
which the basis functions
were constructed.
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Memory Saving Techniques (cont.)

Locally optimal methods 
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Pros: 
• The storage cost is 

comparable with that of the
steady problem.

• Each local problem is 
much smaller than the 
global-in-time problem.

Cons:
• Solution of the optimization 

problem is suboptimal.
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CPU Time Saving Techniques 

– High-order spatial discretizations
(DG, SUPG, FV, FD)

– High-order temporal discretization (RK, BDF)

– Efficient multigrid solvers

– POD-based ROMs 

– Adjoint-based grid adaptation for unsteady flows
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Future Directions

• Reduce storage and computational costs
• Locally optimal schemes

• POD-based reduced-order models

• High-order methods

• Efficient multigrid solvers

• Adjoint-based time-dependent grid adaptation

• Demonstrate the capabilities of the present time-
dependent adjoint-based methodology on large-
scale problems. 
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Questions ?
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