A Mortar Element Method for Coupling BEM and FEM
for Unbounded Domain Problem

Abstract

Mortar element method 1s a useful tool to couple different numerical methods on
different subdomains for the purpose of combining the advantages of these numerical
methods and overcoming their disadvantages. As a simple example, a mortar element
method 1s described for coupling boundary element method (BEM) and finite
element method (FEM) to deal with the unbounded domain problem. Error estimate
and numerical results with some interesting insight for practical computation are
presented.

For unbounded domain problem, the direct use of standard techniques such as the
finite element method, which is effective for most problems over bounded domain,
without any special treatment with the unbounded domain will meet some difficulties
and the corresponding computing cost will be very high. As a alternative, boundary
element method 1s considered and developed for this kind of problem and great
progress has been made 1n this field. Also, boundary element method has its own
weakness (for example, we will meet some difficulties when treating complicated
bound domain problems and so on). So, it seems that the coupling method of boundary
element method and finite element method which combines the advantages of
boundary element method with those of finite element method may be more attractive
for this kind of problem.

The Coupling Method

Generally speaking, the coupling
i | | 1 method can be described as follows. Let
the unbounded domain be the outside of
Q (Q 1s a bounded domain). First, a
artificial boundary I' is introduced which
divides the unbounded domain into two
subdomains: a bounded inner one and an
unbounded outer one. Then we couple
the finite element method which 1s used
for the bounded inner one and boundary
element method which 1s used for the
unbounded outer one together. Here
mortar element method 1s used to archive
this kind of coupling. Compared with

_sk

-10F

T - : ; T
other coupling method, mortar element method appears to be attractive because
meshes on different subdomains need not align across subdomain interface which

provide us a lot of flexibility to triangulate subdomains independently of each other
and the matching of discretizations on subdomains 1s only enforced weakly.

Model Problem and Discretization

Let Q be a Lipschitz bounded domain in R> Q° = R*\(QUQ), f € L*(Q°) be
a given compactly supported function. We consider the following model problem

AU = f, In Q°
u=20, on 0Q

subject to the asymptotic conditions:
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where o 1S a constant.

Due to the fact that f 1s a compactly supported function, we can choose a circle disc
Q, containing ) and the support of f . Let Q =Q°NQ,, Q,=R*\(Q,URQ,),
[' = 0Q, then choose M, points on [ and divide €2, into some regular quasi-uniform
triangles and curved triangles (at the interface ) with diameter h1 such that the nodes on I’
coincide with the M; points chosen. This triangulation is denoted as T Furthermore,
choose another set of M, points independently which divide I into M, circular arcs with
the same length h, and forms a partition denoted as T, . Let € ‘.1 < i< m, and

e f ,1 < ] £ m ,denote the curved segment on [' of T and T,, then two

independent partition of [ can be expressedas |, = {eil tooand T L, = {elj ! Tj .

Mortar Element Space

In order to introduce the Mortar element space, we define some operators and function
spaces. Define function spaces W,,U U, and U as following:

W ={v|veC’(Q);v]|.€P(r),VreT,hv|,=0},
U ={v|veC'(T):v| eP(e),Veel, !, i=12
U={v|vel’(I');v|=const,veel,,},
Define operator T :C"(Q,) > U, as
Tv)(t)=v(t), j=L2,....,m,YveC’(Q,)

Define operator S : L*(T) > U as
(Sw,v)=(w,v),Vwe L*(I'),veU

where <'9°>1— denotes L° inner producton I .

With these notations, the Mortar element space can be defined as

W ={v|v=(v,Vv,)eW, xU,;STv, =3v,}

Variational Problem

Let H, () ={v|ve H(Q)),V].,= 0}, for YW,ve H.(Q,) , we define
d, (W,V) = j j Vw e Vvdxdy

1 1 Q
Operator K : H 5(F) = H 2 (F) 1S defined as
oV (z,2")

w(z"dz'

Kw(z) = —j

r

onon'

where Z €T and V(Z,Z") is the Green’s function of Laplace operator on 2, .
!

Let W = Wlve(v,v,)e Hi(QJX HE(F)} , for Vw = (W, W, ),V = (V,,V,) EW:
we define

b(w,v) =a,(W,V,)+(Kw,,V, ) .
Then the corresponding variational problem for Mortar element method 1s:
Find U, =(U,,,U;,) €W such that

b(u,,v) = ” fv. dxdy, Vv=(v,,v,)eW
Ql

It can be verified that the solution of this variational problem exists and is unique.

Error Estimate

Theorem Let U and U, be the solution of the original problem and the corresponding
Mortar element variational problem respectively, if U |.€ H*(I"), then the following error
estimate holds

3
H u-—u, HbS C(h1 H U HZ,QI '|'hz2 H U Hz,r)-
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where ||V |[g=I[ V[l o, + 11V, HLF for V=(V,V,) €W,
=
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Numerical

Consider the model problem with ¢ =1 and

(

2422, 1<x2+y2<2,
f:<(x +Y°) 4
0, %Sx2+y2.

Let € be unit circle disc and [ is chosen to be a circle with radius 2. Then we can get
the following numerical results. (Note: (1/2)* = 0.3536 )

mp  mg  ho/My N | —upi||gq, Ratl w—ups|gr Rat2
132 33 4 2112 2.9554e-2 3.9004e-3

260 65 4 320 [.5044e-2 05000 1.4544e-1  0.2645
6 129 4 43024 7.5735e-3 0.5034  5.2004e-4  0.3582
1028 257 4 131584 3. 7978e-3 0,5015 1.8520e-4 00,2057
my  mg ho/ly N v —upi||po, Batl |u—up|gr Rat2
272 T 16 ST04 1.5321e-2 7. 405 3e-4

h28 43 16 33792 7.6435e-3 04958 2.628Te-4  (.3550
1040 65 16 133120 3.8154e-3 0.4902  0.3074e-5 0.3541

Some Further Insight

It 1s important to notice that we can also get some interesting insight from the error estimate. If
the mesh sizes h] and h2 are carefully chosen, then we can get the same accuracy as the case of the
same interface mesh is used for both FEM and BEM by using a much large mesh size h2 :

h le-1 6.25¢-3  2.441e-5 9.537e-8 3.725e-10
h,=h"" 2.154e-1 3.393e¢-2 8416e-4 2.087e-5 5.177e-7
h,/h 21544 5.4288 34 .47 218.88  1389.78
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