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Introduction: Viscoelastic Solids-Materials with Memory

@ We consider the relationships between the following properties
of viscoelastic solids:
e e-denotes strain [%].
e o-denotes load stress [MPal].
o t-denotes elapsed time [hours].

Brian Dandurand, Joshua McGinnis, Irina Viktorova Departmer  Optimization of Parameter Estimates for Nonlinear Viscoelastic



Introduction: Viscoelastic Solids-Materials with Memory

@ We consider the relationships between the following properties
of viscoelastic solids:

e e-denotes strain [%].
e o-denotes load stress [MPal].
o t-denotes elapsed time [hours].
@ In particular, these solids have memory in the sense that load
stress applied in the past manifests as present load stress.
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Introduction: Viscoelastic Solids-Materials with Memory

@ We consider the relationships between the following properties
of viscoelastic solids:

e e-denotes strain [%].
e o-denotes load stress [MPal].
o t-denotes elapsed time [hours].

@ In particular, these solids have memory in the sense that load
stress applied in the past manifests as present load stress.

@ For example, metals under increased temperature, composite
materials such as fiberglass put under constant stress, will
exhibit creep, that is, the strain will grow with time until the
material fractures.
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Graphical progression of strain with time for fixed load

stress

To get an idea of how strain typically grows over time, we consider
the graphs € ~ t for three fixed levels of stress:

£

0 40 80 t

Figure: Progression of strain for three fixed levels of o.
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Relationship between stress and strain

@ The materials in question respond to stress in such a manner
that stress applied in the past can affect stress in the present
time t.
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Relationship between stress and strain

@ The materials in question respond to stress in such a manner
that stress applied in the past can affect stress in the present
time t.

@ So we consider using Volterra's equation of second type to
model observed stress ¢(<) as a nonlinear functional of strain
€.

o(e(t)) =o(t) + /0 K(t —1)o(T)dT (1)
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Relationship between stress and strain

@ The materials in question respond to stress in such a manner
that stress applied in the past can affect stress in the present
time t.

@ So we consider using Volterra's equation of second type to
model observed stress ¢(<) as a nonlinear functional of strain
€.

o(e(t)) =o(t) + /0 K(t — 7)o (r)dT (1)

@ In practice, this models the relations between time, stress and
strain successfully for a wide range of materials such as
polymers, metals, and composites.
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Isochronic creep diagrams ¢(e(t))

e Figure 2 gives the graphs for ¢(e(t)) for fixed t values.

o
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d

Figure: Isochonic creep diagrams
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Chosen Kernel

e Now, we turn to finding a suitable kernel K(t).
@ The most suitable kernel K(t) is based on the exponential of
arbitrary order function and for our purposes takes form

ntn(l @)

_)\Zr[l—a) (n+1)] (2)
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Chosen Kernel

e Now, we turn to finding a suitable kernel K(t).

@ The most suitable kernel K(t) is based on the exponential of
arbitrary order function and for our purposes takes form

ntn(l @)

_)\Zr[l—a) (n+1)] (2)

@ Initially, the goal of our work is to find the best way to
estimate the kernel parameters P = {\, , 3} that most
accurately models the relation between stress,strain, and time
with the use of (1) repeated here.

o(e(t)) = o(t) + /0 K(t —7)o(7)dT
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Relationship between stress,strain and time

e With the above kernel, the integral in equation (1) can be
evaluated, and so (1)

becomes

. \ (1 a)(n+1) 3
+ Zr[1—a)n+1)+1] (3)

p(e(t) =
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Parameter «

@ The parameter « is called the singularity parameter.
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Parameter «

@ The parameter « is called the singularity parameter.

@ Singularity reflects the rate of change near time t = 0 of the
stress-strain diagrams of Figure 2.
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Parameter «

@ The parameter « is called the singularity parameter.

@ Singularity reflects the rate of change near time t = 0 of the
stress-strain diagrams of Figure 2.

@ « can be determined readily from the first term of the above
infinite series (3). given as

p(e(t)) = o(t)

At(1—a)
1+ = (4)

[(1—a)+1]
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Parameter «

@ Using (4) and the isochronic creep diagrams given in Figure 2,

° 1=0

1/

/4

Figure: Isochonic creep diagrams

a value of a = 0.85 is obtained in [1].
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Strategy for obtaining other parameter values

Now we turn to finding the other parameters.

e We consider finding parameters for equation (3)

”t( a)(n+1)

1“Zru—a)( T+

ple)=o0o

that fit observed data as closely as possible.
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Strategy for obtaining other parameter values

@ We start by restricting to the low loading level of o = 5MPa.
(This corresponds to curve #1 in Figure 1.)

£

0 40 8O t

Figure: Progression of strain for three fixed levels of o.
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Strategy for obtaining other parameter values

@ For this low loading level o, and for strain £ < 1%, we work
on the assumption that material response is linear, and we
obtain ¢(¢) = Ee and o = Ex«y.
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Strategy for obtaining other parameter values

@ For this low loading level o, and for strain £ < 1%, we work
on the assumption that material response is linear, and we
obtain ¢(¢) = Ee and o = Ex«y.

@ In turn, for this same loading level, ¢ as a function of t can be
well-approximated form £(t) = at? (Numerical results
obtained: a =0.42, b = 0.079.)
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Strategy for obtaining other parameter values

@ For this low loading level o, and for strain £ < 1%, we work
on the assumption that material response is linear, and we
obtain ¢(¢) = Ee and o = Ex«y.

@ In turn, for this same loading level, ¢ as a function of t can be
well-approximated form £(t) = at? (Numerical results
obtained: a = 0.42,b = 0.079.)

@ Thus, substituting for p(¢) = Ee, e = abt, and 0 = Eegg, we
rewrite equation (3) to get

B 5) (1 a)(n+1)
at” = <o 1+AZ T~ a)(n+1) +1]
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Strategy for obtaining other parameter values

@ Now we apply the Laplace-Carson transformation to both
sides of the above equation and get
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Strategy for obtaining other parameter values

@ Now we apply the Laplace-Carson transformation to both
sides of the above equation and get

r1+»b
g
S

A

1 -
+ Sl—a+l6

@ Thus, now the question becomes one of determining

parameters £9,A, and (3 in the integral transform domain (we
know «).
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Strategy for obtaining other parameter values

@ Now we apply the Laplace-Carson transformation to both
sides of the above equation and get

A

M1+ b)
sl—a + /6

a =gl
sb oL+

@ Thus, now the question becomes one of determining
parameters £9,A, and (3 in the integral transform domain (we
know «).

@ The values p = {9, A\, 3} obtained from (5) depend on the
choice of As = {s1, 52,53} where s1, s, 53 are non-zero
complex numbers.
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@ For each choice of As = {si1, s, s3}, we obtain three
equations of form (5) with s; substituted for s for i = 1,2, 3.

[(1+ b) A
a— =1t a5
Sy s 4B
"”LJ;b)I&“O 1+%
S s 4B
"”Ltb):é‘o b —
S5 s34+
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@ For each choice of As = {si1, s, s3}, we obtain three
equations of form (5) with s; substituted for s for i = 1,2, 3.

[(1+ b) A
a— =1t a5
Sy s 4B
"”LJ;b)I&“O 1+%
S s 4B
"”Ltb):é‘o b —
S5 s34+

@ When s, sp, and s3 are fixed, these three equations can be
solved for closed-form expressions for €g, A, 3 with a, b, and «
treated as known constants.
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Evaluating the choice of parameters p

@ Thus, since the parameters p = {eg, A, 5} depend on our
choice of As = {s1, sp, s3}, the optimal choice of p becomes a
question of optimal choice of As.

Brian Dandurand, Joshua McGinnis, Irina Viktorova Departmer  Optimization of Parameter Estimates for Nonlinear Viscoelastic



Evaluating the choice of parameters p

@ Thus, since the parameters p = {eg, A, 5} depend on our
choice of As = {s1, sp, s3}, the optimal choice of p becomes a
question of optimal choice of As.

e Now, denote the most perfect model transformed from (3) by
e[t;, p*] where the parameters p* are the hypothetical best
parameters.
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Evaluating the choice of parameters p

@ Thus, since the parameters p = {eg, A, 5} depend on our
choice of As = {s1, sp, s3}, the optimal choice of p becomes a
question of optimal choice of As.

e Now, denote the most perfect model transformed from (3) by
e[t;, p*] where the parameters p* are the hypothetical best
parameters.

@ Then we can formulate our search for the optimal parameters
p as the minimization of the following functional

n

F(p(as)) =)

i=1

elti, p(0s)] — elts, ]|
elti, p*]

over As € R3 for s1, 5,53 > 0 and s, s, and s3 distinct. The
values ¢[t;, p*] will be approximated with experimental data.
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Minimization of the functional F(p(As))

@ We now test the parameters p = {eg, A\, 3} given a choice of
As = {s1, 2,53}
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Minimization of the functional F(p(As))

@ We now test the parameters p = {eg, A\, 3} given a choice of
As = {s1, 2,53}

e Pick n data points, where t and o vary to give a €[t;, p*] value
corresponding to each i € {1,...,n}.
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Minimization of the functional F(p(As))

@ We now test the parameters p = {eg, A\, 3} given a choice of
As = {s1, 2,53}
e Pick n data points, where t and o vary to give a €[t;, p*] value

corresponding to each i € {1,...,n}.
o With these n data points, we compare the output for the
corresponding (t;, o;) values obtained by substituting the

parameters p = {eg, A\, 5} into the model

np(1—a)(n+1)
#(e(t) = o(t) 1+AZ r[ l—a CE S
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Minimization of the functional F(p(As))

@ We now test the parameters p = {eg, A\, 3} given a choice of
As = {s1, 2,53}
e Pick n data points, where t and o vary to give a €[t;, p*] value
corresponding to each i € {1,...,n}.
o With these n data points, we compare the output for the
corresponding (t;, o;) values obtained by substituting the
parameters p = {eg, A\, 5} into the model

n(1—a)(n+1)
P(e(t) = o(t) 1+)\ZF[1—a(n+1)+l] (6)

o From (6) we obtain values for £[t;, p(As)]. With these values,
we can evaluate the functional to get an idea of how well
p = {€0, A, B} was chosen.
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Example

@ In [1], we see an example of where some value of As gives us
A=1.47, 8 =0.13, and g9 = 0.2. Now consider the diagrams
again from Figure 1. The wellness of fit for the model with
obtained parameters is shown.

3

|,—_:;2_-;_::.;=—'

0 40 80 t

Figure: Solid lines experimental, dashed lines numerical.
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Summarizing the Task of Minimization

@ This is constrained minimization problem over As.

© The only restriction is given by As = {s1, 5,53} € R3,.

@ For values As where any of the components approach zero, at
least one of the parameters will also approach infinity, which is
unrealistic.

@ Thus, these constraints may not be binding. For now, we can
think of this as an unconstrained minimization problem.
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Summarizing the Task of Minimization

@ This is constrained minimization problem over As.
© The only restriction is given by As = {s1, 5,53} € R3,.
@ For values As where any of the components approach zero, at
least one of the parameters will also approach infinity, which is

unrealistic.
@ Thus, these constraints may not be binding. For now, we can
think of this as an unconstrained minimization problem.
@ Even though we have closed-form expressions for
p = {0, A, B}, the functional to be minimized involves an
expression that is not closed form (it is an infinite sum).
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Summarizing the Task of Minimization

@ This is constrained minimization problem over As.

© The only restriction is given by As = {s1, 5,53} € R3,.

@ For values As where any of the components approach zero, at
least one of the parameters will also approach infinity, which is
unrealistic.

@ Thus, these constraints may not be binding. For now, we can
think of this as an unconstrained minimization problem.

@ Even though we have closed-form expressions for
p = {0, A, B}, the functional to be minimized involves an
expression that is not closed form (it is an infinite sum).

© Thus, we cannot simply enumerate stationary points with use
of the gradient to find a global minimum. The use of an
iterative algorithm is thus required.
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Questions for Considerations of

Optimization:Differentiability and Convexity

@ Do we have gradient information for the functional

n

F(p(as)) =)

i=1

elti, p(0s)] — elti, ]|
E[t,', p*]

in terms of As = {s1,s5,53}7
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Questions for Considerations of

Optimization:Differentiability and Convexity

@ Do we have gradient information for the functional

. - s)] —elti, p* ?
Flplas)) = 3 | A SO A2

i=1

in terms of As = {s1,s5,53}7

e We do in terms of p(As) (as in infinite sum). So via the
chain rule, we also have gradient information (as infinite sum)
wherever the gradient for p(As) is defined in terms of As.
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Questions for Considerations of

Optimization:Differentiability and Convexity

@ Do we have gradient information for the functional

. - s)] —elti, p* ?
Flplas)) = 3 | A SO A2

i=1

in terms of As = {s1,s5,53}7

e We do in terms of p(As) (as in infinite sum). So via the
chain rule, we also have gradient information (as infinite sum)
wherever the gradient for p(As) is defined in terms of As.

@ Also, is this functional that we are to minimize convex?
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Convexity

@ A function f is convex if for all x in the domain, we have

f(alxl —1—32X2) < alf(xl) + a2f(X2) for a; +ap = 1, 31,3 >0
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Convexity

@ A function f is convex if for all x in the domain, we have

f(alxl —1—32X2) < alf(xl) + a2f(X2) for a; +ap = 1, 31,3 >0

Not Convex
Convex

(@2 + 027, 0, (1) +0:f(32))

(% fex))
(s Fex)

(@x + a0, f(@n +ax))
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Convexity

@ A function f is convex if for all x in the domain, we have

f(alxl +32X2) < alf(xl) —|—82f(X2) for ar+a = 1, ai,ax > 0

Not Convex
Convex

(ayx + apxy 00 () +af(32))

(w0 f))
(3 fex)

Two Local Minima
(@ +a0,f@x+@:52)) One Global Minimum . b

@ For functions that are convex, unconstrained minima are
global, while functions that are not convex can have local
unconstrained minima, not all of which are global.
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Convexity

@ So the question becomes: Is the functional F(As) that we
minimize a convex function?

@ Convexity theory allows us to turn this into the equivalent
question: Is [t;, p(As)] a convex function of As?
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Closed form solutions for 3, A, and ¢

sty lth g by bra) g i (sgbtog 1rb_ g ltby bra) gy (_gybtog Tbyg It bra)

B = btas,Thg ag,brag Iibga o ltby braga _gbtag Iibga o Iiby brag a g lth braga

where

N=— 532 a+b52a+1512+2b n s3¢1+1+b522+2 b512cx + 532+b522 a+2 bsla+1 _ 532 a52a+1+2 b512+b +.o..,

and

M= ((52b+a51a _ 51b+(152a) st (slb+as3a _ S3b+a51a) o+ (53b+a52a _ 52b+as3a> 51)

(s3b+as21+bsla pgbtagtbga | o1b braga _ bragltb o 14by brag o +531+bslb+01520¢)

—ar(1+b) [(s3b+a52a 752b+a53a)51+(51b+053(x 7s3b+a51a)52+(52b+a51a g b+(x5201)53}
€ =
0 s3btagIths o g btag I+bg o T+bg btag o g btag Tbg, o _ g Tibg, bag a o Iths btag, o

—s

@ We are especially interested in where the denominators are zero. For
example, at {s1, 52,53} = {0,0,0} or {s1, 5,53} = {1,1,1} this
would happen. (We do not allow these values anyway.)
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Potential denominator zeros

@ Assuming that the s1, s, and s3 are positive and distinct, the
only possible values that can cause the above denominators to
be zero are given by Maple as

e,Z+In(52)b+|n(53)b+ln(53)a52 _ o-Z+In(s3)b+In(s2)b+In(sp ) e
In(s3)a®+-Z+.Z btIn(sy)batn(sy)a?
o

53
In(s3)a® +In(sy) atln(sp)bat-Z b+-Z o
&

RootOf +e

In(sp) @2 +_Z+.Z b+in(s3)or b+in(s3)a? In(sp)® +In(s3) a+In(s3)ex b+.Z b+.Z o
& o

[s1=e ¢ ¢ ,

52 = 5p, 53 = s3]

and,

Jeln(s2)btin(sp)ot-2 cgy en(sp)at-Z b+.Z ag

Feln(s3)et-Z btZag, _ eln(53)b+|n(53)a+1a52

o-Z+In(s3)b+in(s3)etin(sp) e o-Z+In(s3)etIn(sp)b+in(sp) e
RootOf
s51 =¢€ 5

2 = 52,53 =53

zation of Parameter Estimates for Nonlinear Viscoelastic
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Potential denominator zeros

@ Assuming that the s1, s, and s3 are positive and distinct, the
only possible values that can cause the above denominators to
be zero are given by Maple as

e,Z+In(52)b+|n(53)b+ln(53)a52 _ o-Z+In(s3)b+In(s2)b+In(sp ) e

s3
In(s3)a®+-Z+.Z btIn(sy)batn(sy)a?
o

In(s3)a® +In(sy) atln(sp)bat-Z b+-Z o
&

RootOf +e

In(sp) @2 +_Z+.Z b+in(s3)or b+in(s3)a? In(sp)® +In(s3) a+In(s3)ex b+.Z b+.Z o
& o

[s1=e —e e

52 = 5p, 53 = s3]

and,

€
+eln(s2)btIn(sp)a+-Z cgy en(sp)at-Z b+.Z ag

In(s3)b+In(s3)ot-Z o g

o-Z+In(s3)b+in(s3)etin(sp) e o-Z+In(s3)etIn(sp)b+in(sp) e
RootOf
2

In(s3)a+Zb+Zo _
s =e +e s —e

H=5,5 =5
@ It seems possible that there will be hypersurfaces in the set of
allowable {s1, s, s3} for which at least one of the parameters

is not defined, and these same places are where the gradients
would not exist.
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@ Approaching these points, at least some of the parameters p
would grow without bound, causing the value of the
functional to grow without bound.
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@ Approaching these points, at least some of the parameters p
would grow without bound, causing the value of the
functional to grow without bound.

@ So most likely, we are not looking for subgradients at these
points.
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@ Approaching these points, at least some of the parameters p
would grow without bound, causing the value of the
functional to grow without bound.

@ So most likely, we are not looking for subgradients at these
points.

@ The (possibly two) hypersurfaces where the parameters p are
not defined will for the above reason suggest that the
functional F(As) to be minimized is not convex.
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@ Approaching these points, at least some of the parameters p
would grow without bound, causing the value of the
functional to grow without bound.

@ So most likely, we are not looking for subgradients at these
points.

@ The (possibly two) hypersurfaces where the parameters p are
not defined will for the above reason suggest that the
functional F(As) to be minimized is not convex.

@ More convex analysis is needed to show whether to go in one
of two directions.
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@ Approaching these points, at least some of the parameters p
would grow without bound, causing the value of the
functional to grow without bound.

@ So most likely, we are not looking for subgradients at these
points.

@ The (possibly two) hypersurfaces where the parameters p are
not defined will for the above reason suggest that the
functional F(As) to be minimized is not convex.

@ More convex analysis is needed to show whether to go in one
of two directions.

o If we can clearly see where the functional is locally convex,
then some variant of Newton method or Conjugate Gradient
method can be applied (with the gradients being approximated
as truncated infinite sums) in selected neighborhoods to find a
global minimum over positive real values of As.
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@ Approaching these points, at least some of the parameters p
would grow without bound, causing the value of the
functional to grow without bound.

@ So most likely, we are not looking for subgradients at these
points.

@ The (possibly two) hypersurfaces where the parameters p are
not defined will for the above reason suggest that the
functional F(As) to be minimized is not convex.

@ More convex analysis is needed to show whether to go in one
of two directions.

o If we can clearly see where the functional is locally convex,
then some variant of Newton method or Conjugate Gradient
method can be applied (with the gradients being approximated
as truncated infinite sums) in selected neighborhoods to find a
global minimum over positive real values of As.

o Otherwise, if we cannot see "how badly” the functional lacks
convexity, a metaheuristic approach is needed such as
simulated annealing or genetic algorithm.
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