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Longinternal wavesof largeamplitudearestudiedfor a two-layer °uid with a rigid upper boundary
in shallow water con¯guration. Closedform solutionsfor steadyperiodic wavesaresought. Under
the assumptionof a wave of permanent form traveling with constant speed,the Euler systemcan
be reducedto a ordinary di®erential equation,whosesolutioncan be expressedusinghyperelliptic
functions.

Background

Most natural °uid bodies,includingthe oceansand the atmospherearestably strati¯ed, such that
density decreasesmonotonicallywith elevation. This strati¯cation is due to vertical gradients in
temperatureor concentration, e.g. salinity gradients in the ocean,andhasa signi¯cant in°uenceon
the dynamicalbehavior of the system.When the equilibriumstate is perturbed, internal (gravity)
wavesaregenerated.
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Figure 1: In situ and satelliteimagesof internal wavesin Lombock Strait, IndonesianSea.
Internalwavesarestrongly nonlinear phenomena- amplitudesoftenexceed100m.Thewave-
lengthcanreach 5 km.

Two-FluidSystem

The simplestphysicalcon¯gurationcapableof supporting internalwave motionis that of a two-layer
°uid undergravity. Althoughrather rudimentary, this systemis a good ¯rst- approximation for the
oceanstructure.
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Figure 2: A two-°uid system: Fluids are as-
sumedincompressible,inviscid and immiscible.
½1 < ½2 for stablestrati¯cation. A -amplitude
scale,L - horizontal length scale,H - vertical
lengthscale.

Governing equations
² Eulerequationsfor each of the two layers

² Boundaryconditions

{ Continuity in pressureandin verticalve-
locity at the interface

{ Zeroverticalvelocity at solidboundaries

Scales

² ² = H
L - aspect ratio

² ® = a
H - nonlinearity

Weakly nonlinear mo dels assumeboth
² ¿ 1 and® ¿ 1

Camassa-Choistronglynonlinearmodel

Assumingonly ² ¿ 1 - layer mean equations [CC99] for the four unknowns³ ,¹u1, ¹u2 andP (the
pressure):

´ 1t + (´ 1¹u1)x = 0; ´ 1 = h1 ¡ ³ (1)
´ 2t + (´ 2¹u2)x = 0; ´ 2 = h2 + ³ (2)
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The averagelayer velocity:

¹ui =
1
´ i

Z

´ i

ui (x; z; t)dz (5)

...andthe dispersive,nonlinear:

Gi = ¹uixt + ¹ui ¹uixx ¡ (¹uix )2: (6)

Figure 3: In situ observation of
a solitary wave in South China Sea.
Continuous line - strongly nonlinear
model,Dashed- KdV theory. Even if
it doesnot includethe e®ectof con-
tinuous strati¯cation, Choi-Camassa
model agreesremarkably well with
¯eld data.

Travelingwave solutions;reductionto an ODE for periodic motion

Considering steadywavestravelingwith constant velocity c from left to right, we canmake the
ansatz:

³ (x; t) = ³ (X ); ¹ui (x; t) = ¹ui (X ); X = x ¡ ct (7)

Consequently, the systemof coupledPDE'sbecomesa systemof coupledODE's in the variableX .

The mo del admitsa number of conservation laws. This fact allows:
² eliminationof ¹u1, ¹u2 andP, in favor of ³

...with the price of 2 integration constants,C1 and C2

² integrationof the resulting3r d orderODE for ³ in 2 distinct ways
...2 more integration constants,C3 and C4

and... reductionto a separable ODE :

³ 2
X = 3

½1C2
1´ 2 + ½2C2

2´ 1 ¡ ° ³ 2´ 1´ 2 + 2C3´ 2
1´ 2 ¡ 2C4´ 1´ 2

½1C2
1´ 2 + ½2C2

2´ 1
´ R(³ ; C1; C2; C3; C4) (8)

subjectedto the constraint :
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³ dX = 0 (9)

i.e. the massof the wave with respect to the unperturbedsurfaceis zero.

Constraints on constants of integration

A periodic wavetrain is a 2 parameter family . Sofar wehave 4 constan ts of in tegration at
ourdisposal.Thus,weneedto identify 2 physically dictated constrain ts fromtheconservation
lawsof the model,which will determineC1 andC2:
² Massconservation + a suitableGalileanchangeof frame=) volume°ux zero:

´ 1¹u1 + ´ 2¹u2 = 0 (10)

² Momentum transportedby the wave per wavelength- initial condition,since:

d
dt

Z x+L

x
(½1´ 1¹u1 + ½2´ 2¹u2)dx = 0 (11)

Hyperellipticnatureof the solution

For ¯xed speedc andamplitudeA, we canexpressC3, C4 asfunctionsof ® - positionof the trough;
® canbe determinedimposingthe condition(9), i.e. solvingthe nonlinearequation:
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®

³
p

R(³ ; ®)
dX = 0

The quadraturebecomes:

³ 2
X = K

(³ ¡ ¯ 1)(³ ¡ ®)(®+ A ¡ ³ )(¯ 2 ¡ ³ )
(³ ¡ ¯ 3)

(12)
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Figure 4: Asymmetric\double well" poten-
tial andthe correspondingperiodic solution
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The presenceof 5 roots in (12) =) hyp erelliptic solutions.

Results

Existence domain for perio dic waves of zero momen tum
For a certaincon¯gurationof the 2 layer system,solitarywavescanexistonly for speedsabove the

critical speed:

c0 =

s
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½1h2 + ½2h1

andunderthe maximum speed- which correspondsto a front:
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Figure 5: Existencedomainfor pe-
riodic waves.H = h1 + h2

² Periodic waveswith speedc > c0 canonly have ampli-
tudesthat exceedthe amplitudeof the corresponding
solitarywave : branch (0; c0) ¡ (Am; cm); approaching
this branch, periodic solutionsdegeneratein a solitary
wave.

² For each speed, there exists a limiting amplitude:
branch (Am; cm)¡ (H; 0); periodicsolutionsdegenerate
in a front.

Comparison with unidirectional mo del
Limiting the waveamplitudeandconsideringunidirectionalwavepropagation,anevolutionequation

for ³ canbe written. In the caseof travelingwavesof permanent form, this equationreducesto a
quadrature. No further assumptionson the velocity ¯eld are needed.There is a good agreement
betweenunidirectionalandbidirectionalmodelassumingzero momen tum per wavelength .

2000 4000 6000 8000
X• L

-0.2

0.2

0.4

0.6

zHXL• L

2 dir

1 dir

Figure 6: Periodic waves computed
using unidirectional and bidirectional
model zero momen tum . h1 =
600;h2 = 100;½1=½2 = 0:63;c =
18:2;c0 = 18:1

Examples of wave pro¯les
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Figure 7: c < c0. h1 = 100;h2 =
500;½1=½2 = 0:83;c = 10;c0 = 12:718
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Figure 8: c > c0. h1 = 100;h2 =
600;½1=½2 = 0:73;c = 17:21;c0 = 17:1783

Future work

Our goalis to constructanalytical solutions for periodic internalwaves,consistent with the soli-
tary wave limit. Theseclosedformsareusefulin modelingthe dynamicsof slowly varyingperiodic
trains via modulationtheory[Whi74].
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