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Interf ace between 2 Fluids

Longinternal wavesof largeamplitudeare studiedfor a two-layer °uid with a rigid upper boundary
in shallav water con guration. Closedform solutionsfor steadyperiadic wavesare sough Under
the assumptiornof a wave of permanen form traveling with constan speed,the Euler systemcan
be reducedio a ordinary di®erehal equation,whosesolutioncan be expressedsinghyperelliptic
functions.

Badkground

y

Most natural °uid bodies,includingthe oceansand the atmosphereare stably strati ed, sud that
densiy decreasemonotonicallywith elewation. This strati cation is due to vertical gradiems in
temperatureor concetration, e.g. salinity gradiems in the ocean,and hasa signi carn in°uenceon
the dynamicalbehavior of the system. Whenthe equilibriumstate is perturbed, internal (gravity)
wavesaregenerated.

Figure 1: In situ and satelliteimagesof internal wavesin Lombock Strait, IndonesiarSea.
Internalwavesarestrongly nonlinear phenomenaamplitudeftenexceed 00m.Thevave-
lengthcanreat 5 km.

Two-Fluid System

v

The simplestphysicalcon gurationcapableof suprting internal wave motionis that of a two-layer
°uid undergravity. Althoughratherrudimenary, this systemis a good rst- appraimationfor the
oceanstructure.

1 Governing equations

h, 2 Eulerequationdor eat of the two layers

2 Boundaryconditions

{ Cortinuity in pressure&ndin vertical ve-
? locity at the interface

# { Zerovertical velccity at solidboundaries

Figure 2: A two-°uid system: Fluids are as- Scales

. e N _ H :
sumedincompressibleinviscid and immiscible. 22 = T -aspectratio
14 < Yp for stablestrati cation. A -amplitude 2 ®-= H@ - nonlineariy

scald, - horizoal length scale,H - vertical Weakly nonlinear models assumeboth
lengthscale. 2, land®¢ 1

Camassa-Chattronglynonlineamodel

v

Assumingonly 2 ¢ 1-layer mean equations [CC99 for the four unknavnss i1, o andP (the
pressure):

"1+ (CliPgx = 0, 1= hgj 3 (1)
at (lidx =0 2= o+ 2 ¢ (2)
P 1 1,
by + bibip + Px = | 1/—X+ ~ 3 1G1 (3)
) 1 X
P 1“1 |
o+ Uoliog + By = | —+ — = 3G 4
2t Bl + OPx = i g 5 3202 (4)
The averagdayer velcity:
1Z
bi = — u(x;z;t)dz (5)
I

...andthe dispersie, nonlinear:

Gi = Ui + Gillix i (Hiy)> (6)

Figure 3: In situ obseration of
a solitary wave in South China Sea.
Cortinuous line - strongly nonlinear
maodel, Dashed KdV theory Evenif

It doesnot includethe e®ectof con-
tinuous strati cation, Choi-Camassa
model agreesremarlably well with
“eld data.
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Travelingwave solutionsyeductionto an ODE for periodic motion

Considering steadywavestravelingwith constan velccity ¢ from left to right, we can malke the

ansatz.
S(x;t) =3(X); i t)=&(X); X =xj ct (7)

Consequdly, the systemof coupledPDE's becomes systemof coupledODE'sin the variableX .

The model admitsa number of conservation laws. This fact allows:

2 eliminationof 41, 4> and P, in favor of 3
...with the price of 2 integration constants,Cq and C»

2 integrationof the resulting3' 9 orderODE for 2 in 2 distinct ways
...2 more Integration constants,C3 and Cy4

and... reductionto a separable ODE .
22 _ Sl/aCf'sz YeC5 11 °3% 12+ 2C3' 721 2Cq4' 1 2,

X 1/3C]2_' 5+ 1/2(:%' 1
suljectedto the constrain :

R(®;Cq;,C2 C3 Cy) (8)

£y
3dX =0 (9)

. L
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l.e. the massof the wave with respectto the unperturbed surfacas zero.

Constrairts on constais of integration

A periadicwavetrain isa 2 parameter family . Sofar wehave 4 constants of integration at
ourdisposal. Thus,we needto idertify 2 physically dictated constrain ts fromthe conseration
laws of the model, whidh will determineCq and C»:

2 Massconseration + a suitableGalileanchangeof frame=) volume®ux zero:

b+ otz =0 (10)
2 Momernum transported by the wa\Z/e per wavelength- initial condition,since:
d X+ L ] )
o (Y3 141+ Y2 olp)dx = 0O (11)
X

Hyperellipticnature of the solution

For xed speedc andamplitudeA, we canexpres€s, C4 asfunctionsof ® - positionof the trough;
® canbe determinedmposingthe condition(9), i.e. solvingthe nonlinearequation:

Z®+A 3
P dX =0
® R(;®)
The quadraturebecomes:
3 3 : - 3Y( A~: 3
3>2<:K( i VCi ®(®+ A 3)( 2 2) (12)
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Figure 4: Asymmetric\double well" poten-
tial andthe correspndingperiadic solution

The presencef5rootsin (12)=) hyp erelliptic solutions.

Results J

Existence domain for periodic waves of zero momen tum
For a certaincon gurationof the 2 layer system solitary wavescanexistonly for speedsabove the

critical speed:

S

ghiho(*2i Ya)
Yaho + Yohq

CO:

and underthe maxinum speed- whid correspndsto a fror:

V P
u b0
U 1; i%
cm =t g(hi+ hy) I,
1+ 7

2 Periadic waveswith speedc > cg canonly have ampli-
tudesthat exceedhe amplitudeof the correspnding
solitarywave : brand (0;cg) i (Am; Cm); approabing
this brand, periadic solutionsdegeneraten a solitary
wave.

2 For eat speed, there exists a limiting amplitude:
brand (Am; cm)i (H;0); periadicsolutionglegenerate
In afromn.

Figure 5: Existencedomainfor pe-
riodicwaves.H = hq+ ho

Comparison with unidirectional model
Limiting the wave amplitudeand consideringinidirectionalWwave propagationan ewolution equation

for 3 canbe written. In the caseof travelingwavesof permaneh form, this equationreduceso a
guadrature. No further assumption®n the velccity eld are needed.Thereis a good agreemen
betweenunidirectionaland bidirectionalmodelassumingzero momen tum per wavelength .
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Figure 6. Periadic waves computed
using unidirectional and bidirectional

model zero momentum. h; =
600h, = 100%3=% = 063c =
182;cp = 181

Examples of wave pro les
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Figure 8. ¢ > ¢ hy = 100hy =
600¥a=Y2 = 0.7/3,c= 1721,co= 171783

Figure 7:
500Y¥3=% = 0:83;c= 10;cp= 12718

C < Ccgp hg = 100hy =

Future work

Our goalis to constructanalytical solutions for periadic internal waves,consistenwith the soli-
tary wave limit. Theseclosedormsare usefulin modelingthe dynamicsof slovly varying periadic
trains via modulationtheory[Whi74].
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